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ENS/orm plays an important role in discrete amalysis. Its role in discrete
analy5|s Is the same as that of Laplace and Fourier transforms in continuous system.
Communication is one of the field whose development is based on discrete

analysis. Difference equations are also based on discrete system and their solutions
and analysis are carried out by Z- transform .

The Z transform is a powerful mathematical tool used in digital signal
processing and control systems analysis. It allows us to transform signals
from the time domain to the frequency domain, simplifying the analysis and

design of digital systemsSEQUENCE
Sequence { f (k) } is an ordered list of real or complex numbers.
REPRESENTATION OF A SEQUENCE

FIRST METHOD
The elementary way is to list all the members of the sequence such as

{f(k) }={15,10,7,4,1,-1,0, 3, 6}

The symbol 4 is used to denote the term in zero position i.e., k =0,
Kk is an index of position of a term in the sequence.
{9 (k)} = {15, 10,;‘, 4,1,-1,0, 3, 6}

Two sequences {f (k)} and {g (k)} have the same terms but these
sequences are not identically the same as the zeros term of those
sequences are different.

In case the symboIJ IS not given then left hand end term is considered

as the term correspondingto K=0.
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SECOND METHOD The second way of specifying the sequence is to
define the general term of the sequence {f (k)}as function of k..
For example IF, f (k) = 3—1,(

1 1 1 1 1

3-3’3-2'3-"’
K=0

Definition. The Z- transform of a sequence {f (k)} is denoted as
Z [{f (k)!]. Itis defined as

This sequence represents {...

D

ZUftN= Fo =Y fo-t=Y L&
R

,11\’:—:::0

Where
1. Z is a complex number.
2. Z is an operator of Z-transform
3. F (2) is the Z transform of {f (k)}.

o0

X(z2) = Z x[n]z ="

n=—-— oo

z= Ae!” = A - (cos ¢ + jsin )

where A is the magnitude of z, j is the imaginary unit, and ¢ is the complex argument (also
referred to as angle or phase) in radians.
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Z — Transform of some time sequences

1) Right side sequences As an example, let us find the

z-transform and ROC of the right sided sequence ROC Region of
Convergence

xm)=(1,2,2,1)

T
3
X(2)= Z {x@)} = T x@)z® = x(0)2° +x(1)z' +x)z% +x03)7°
n=0
=120 +27' +277 +17°

=1 +271 +277 +7°
We see that X(z) becomes infinity at z =0. Except at z =0, X(z)

Is finite for all values of z. Therefore we can say that the ROC
of this z transform is the entire z-plane except z = 0. Ie.,

ROC :|z|>0. The ROC of a right-sided sequence

Im[=]
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2) Left sided sequences:
Let us find the z-transform and ROC of the left sided sequence

xXm=(1,1, 2,2
)

0
X(2)= Z {x@)} = T x@)z® = x(:3)7 +x(-07 +x(0)7 +x(0)7
n=-3

We see that X(z) becomes infinity at z = co.. Except at
z = o, X(z) is finite for all values of z. Therefore we can say

that the ROC of this z transform is the entire z-plane except
z=wie., ROC:|z| <

Im[=]

The ROC of a left-sided sequence.

3 ) Double sided sequences:

A sequence x(n) is said to be double sided if x(n) has both right and

left sides. For example, x(n) = (2, 1,1, 2) is a double sided sequence
because x(n) exists in the range -2 <n < 1. Z transform of this
sequence is given by
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1 ’
X2 = Z {x(n)} = T x(n)z" = x(-.’Z)z2 +x(-1)z1 +x(0)z0 --Lx(l)z'1
n—=2 ’
=27 +172' +12° +27
Re[z]

The ROC of a two-sided sequence

Ifg(k) = {15 10, 7, 4,1, -1, 0, 3, 6}
1

2 IO\

Example
+477 4752740 + 3+

= 157 +105+72

Z[{g(B}=F(2) =
Iff(k):] — 4 <k<3, then

?‘-_a .

] 1 1

ZU{ )}y =81F+277 + 97+ 32+ 1 + +

[{ ()} =97 T30

Example . Find Z-transform of the sequence {d*}, k>0
. I I ﬂ‘ ﬂ%
Solution. F'(z) = 2 at k= 14— +=+—
2 7

- —nN

Example
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This 1s a Geometrical series whose sum = 1 (_? -
- 1 _ Z
- | _a  z—a
Table z transforms
i F(2)
u ‘ 1Z| > 1
=
" z—1
dn 1
Z
n 5 1Z| > 1
(z—1)
Z
rn 1Z] > |r
Z—r
Z(Z —cos(f))
cos(fn) 5 1Z| > 1
Zc — 2Zcos(f) + 1
sin(en) Zsin() 1Z| > 1
=
Z2 —2zc0os(f) + 1
: Z
e/fn - 1Z| > 1
zZ—elf
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Example

Let us find the Z-transform and the ROC of a signal given as
z(n) = {7,3,4,9,5}, where origin of the series is at 3.

Solution — Applying the formula we have —
X(2) = X2 _e(n)Z
=Y 1 2(n)Z7"
=z(-1)Z+2z(0)+z(1)Z ' +2(2)Z *+2(3)Z2*
=7Z+3+4Z 1+ 922 +5Z73
ROC is the entire Z-plane excluding Z = 0, o, -0
Properties of ROC
ROC does not include any pole.

For right-sided signal, ROC will be outside the circle
In Z-plane.

For left sided signal, ROC will be inside the circle In
Z-plane.

For stability, ROC includes unit circle in Z-plane.

For Both sided signal, ROC is a ring in Z-plane.
G AN DS LAY Aa jal) - o gualad) LSS Ain acd-dpunigl) i) iS- G jlaal) Aadls
Department of Computer Engineering Techniques, College of Technical
Engineering, University of Al Maarif, Al Anbar,31001, Iraq



Week-4-Fundamental of Z-transform (Z.T), properties of Z.T
DAWAH-2025-2026

Sl

. For finite-duration signal, ROC is entire Z-plane
Properties of the z transform
For the following

Z {fn} = Z fnz_” = F'(2), Z {gn} = Zgnz_” = G(2).

n=0 n=0
1. Linearity:

Ziafy +bgn} = akF(z2) +bG(2).

Example 15.24 (Linearity) Find the z transform of 3n + 2 x 3™,
Solution From the linearity property

Z{3n + 2 x 3™} =3Z{n} + 2Z{3"}
and from the Table above

Z ny, %
Zin} = =12 and Z{3 }_—2—3

(r™ with r = 3). Therefore

37 27
ZA3n + 2 x 3"} = |
{ } (z—12% z-3
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Example (Linearity and the inverse transform) Find the inverse Z-T

27 N 3z
z—1 7—2

Solution From Table

Z_l{ < }:Mn Z_I{Ziz}zzn (1’22)

z— 1

2: 3z
7! Zl n 22 — 2w, 43 x 2"
 —  —

2. Left shifting property:

K
Z{ farry = F(2) =) 01
1 =0

3. Right shifting property (although usually we assume fn = 0 for (n <
0 )we use f— 1, f— 2 for the initial conditions when solving difference

equations using z transforms):
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Z{fuo1} =2 Z{fu} + fo
Z{fu2) =2 2Z{fa) + fa+ 2 o

k—1
Z{fury =2 LUt + ) finz

(=0

4. Change of scale:

Z{a" f) = F (=

da ) where g is a constant.

Example (Change of scale) Find the inverse z transform of

z : . ) %(Z/Q) From Table
=2 1 222 7 (@2 =2 et
(z—1)2
1
Z—l 2(z/2) — ln(Z)” = n2”_1.

(z/2)— D>~ 2
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5. Convolution:

Z ngf}»;.—k = G(2)F(2).
k=0

The convolution of fand g can be written as

n

g * f — ngﬁi—k-

k=0

where ¢,, and f, are sequences defined forn = 0.

Example (Convolution) Find the inverse z transform of

< <

z—1z—4

Not
e
that

|

Z
z—4

} — 4!’!-
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Hence, using convolution

n

Z < 2
Z~ ! { } —u, x4" = Zukﬂr”_l‘.
c—lz—4 k=0

Writing out this sequence forn = 0,1,2,3,...

1, (1+4), 14+4+16, 1+4+16+64,.
n=0) m=1) (n=2) (n = 3)

We see that the nth term is a geometric series with n + 1 terms and first
term 1 and common ratio 4. From the formula for the sum for n terms
of a geometric progression, S, = a(r" — 1)/(r — 1) where a is the first
term, » 1S the common ratio and »n is the number of terms. Therefore, for
the n th term of the above sequence, we get:

4”—}—1 L 1 4”—}—1 L 1 SO we Z—l{ z z }_ 411+1 1
— - | have 3
4 — 1 3
found

6. Derivatives of the transform:

1 dF
Znf,} = < (2).
<
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Example / (Derivatives of the transform) Using

__° find Z{n2).
Zin) = 5 | (n?},

Solution Using the derivative of the transform property

d
Zn? = Znn) = —71—Z _ 4z
(n?) = Z{nn} = —2—Zn} | - Zdz((z_l)z)
d( z )_(Z—1)2—2Z(z—1)_z—1—2z
dz \(z—12) (z — D4 o (z—1)3
—Z—l
C(z—=1)3

——z-—-l') z(z+ 1)
(2 —1)3
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