Week-2- properties, theorem of L.T

DAWAH-2025-2026

In all of the following, F(s) = L{f (t)}
1. Linearity:
L{af1(t) + bf2(t)} = aF1(s) + F2(s)

where a and b are constants.
2. First translation (or Shift rule):

L{e%f (1)} = F(s — a)

8. Second translation:
L{f (t = a)u(t — a)} = e *°F(s).

f(t) F(s) = L{f (1)}
u(t) 1/s Re(s) > 0
(1) 1 Re(s) > 0
=1 1
— Re(s) > 0
(n—1)! sn
_at 1
e @ Re(s) > —a
s+ a
, 1
— sin(at) - Re(s) > 0
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cos(at s Re(s) 0
) Ziat g
1 sinh(at 1 Re(s) > |a
a @ - -l
S
cosh(at) 2_42 Re(s) > |a

4. Change of scale: L{f (at)} = %FE

5. Laplace transforms of derivatives:
L{f’(t)} = sF(s) = T (0)

L{f’(t)} = s?F(s) = sf (0) — f(0)
and
L{f ™ ()} = s"F(s) = s" 1 (0)— - -=sf ®2(0)- f ®D(0)

6. Integrals:

/f(r)dr :F(S).
0

A

7. Convolution:
L] * g} {/ f(r)g(t — f)df} F(s)G(s).

8. Derivatives of the transform:
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L{" f(D)) = (=1)"F"(s)
Where
dn'F(n'}
F (S) _ (S)
dSI?

Example (Linearity) Find L{3t? + sin(2t)}.

Solution From Table above.

g £2 1 ’ 'Sin(2z‘)} 1

{E}_aand 2 G
s f | sin2)| 6 2

L1131 +sm(22‘)}—6£{2 +2£{ > }—53+52+4

Example (Linearity and the inverse transform) Find

= 2 N 4s
s+4 5249
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Solution From Table above

~1 1 4 ~1 S _ -
L T4 =e ' L 70 = c0s(37)
an S

1 2 4S _4¢ .
L S+4+S2+9 =2e " +4cos(3t)

Example (First translation) Find L{tze_gt }
Solution As

— —at £y — e — o
53 using L& T SO} =F(s —a). o
multiplying by e3¢ in the t domain will shift the function F(s) by 3: L]
2,-3t] _ _ 2

e - (s+3)3

Example (First translation — inverse transform) Find

e s+ 2
(s +2)>+9

} Solution As
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L7 { 5 :_ 9} = cos(3r)

is s/(s2 + 9) translated by 2, using the first translation rule

this will multiply in the t domain by e — 2t, so

oﬁ_]{ s+ 2

(s +2)2+9 } = cos(3ne™

Example (Second translation) Find the Laplace transform of:

0 I <

1) = sin(3r —2) 1>

SIS

Solution f (t) can be expressed using the unit step function

(1) = sin(3t — 2) (t—z)— in(3(r—2)) (r—z)
J(t) = sin( u g =S 5 U g

Using L{f (t — a)u(t — a)}=e~%F(s) and as

£{Slﬂ(3f)} — m
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_ 2 2 3e=2%/3
Slﬂ(3(l—§))u(1—§) = 729
Example (Change of scale) Given L{cos()) = =

find L{cos(3t)} using the change of
scale property of the Laplace transform

= F(s)

, 1 s s
L{f(at)} = —F-. L{cos()} = — 1
1 s/3 s

Lleos(Gn) = 3 s/32+1 249

Example (Derivatives) Given

L{cos(2t)} =

s2+4
Solution If f (t) = cos(2t) then f'(t) = — 2 sin(2t):

and f (0) = cos(0) = 1. From the derivative rule

L{f'(t)} = sF(s) — f(0),
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£{—2sin(2t)}zs(2 )_ _ s 252_82_4
5=+ 4 5244 52+ 4
—4
T 244
L{sin(2t)} = : ( —4 ) — .
—2 \ s> +4 52+ 4

Example (/ntegrals) Using

{/ 2} d } (s) |and find
T)dTt ¢ = 3
- £{L}

y ff 2 4 2/s3 2 ~ 3 1 /2 2
T T — == — e = — —_ = —.
0 s st 3 s\ s3 st

Example (Convolution) Find

. { 1 }
(s =2)(s = 3) using the convolution property:

1
L {f (gt — ‘L')dl'} = F(s)G(s)
0
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I 1 [ | 1
(s —2)(s—=3) (s=2)(s—=23) F(S):S_2’ G(S):S_3

y —1) 1 2
J) =L {5—2}:(3{8(1?):06_1{ : }:e3r
s —3

Then by the convolution rule

L7 1. — frezfe?’“_” dr.
(s —2)(s = 3) 0

1 { 1 } :sr/r _ 3t |:e—ri|f
L _ _ = e e dr=e
(s —2)(s — 3) 0 —1 ]y

— eSr(-_e—r + 1)

_ _ezr 4 eSr.
Example (Derivatives of the transform) Find L{t sin(3t)}.

Solution Using the derivatives of the transform property

LIUTF () = (—=1D)"F"¢ L (
(" f()} =1 (s) L{sin(3t)} = 70 = F(s)
d 3 Os
Lyt sin(31)} = — — :
{ Slﬂ( )} ds (S2 _|_9) (‘SZ + 9)2
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