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What is Cayley Hamilton Theorem?

p(A) = A"+ +..+aA+al =0
(OR)

P(A) = O ,where A is an n x n square matrix

The Cayley Hamilton theorem states that the characteristic polynomial
expression of areal or complex square matrix will be equal to the zero
matrix. The characteristic polynomial

p()\) = det (Mn—A) can be decomposed as

P(A) = anAnt+an-1A""1+...+a1A+aoA°. This is a monic
polynomial where the leading coefficient, i.e, the coefficient of the

highest degree variable, will be equal to 1. Thus, an = 1.
Here, an-1,...,a1, ao are coefficients of the
variables A"™1,..., A1, AO respectively.

We have p(A) =
anA" + a, A"+, . +aiA + agA©

p(A) =A" + an_1)\”_1+. ..+ailA+ ap
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On replacing A with the matrix, A, the polynomial can be written as
follows:

p(A) =A" + an_1A”‘1+. .. +a1A + apl;

Now according to the Cayley Hamilton Theorem, this polynomial will
be 0

Thus, p(A) = A" + an_1A”‘1+. ..+aiA+ apl, =
Oorp(A)=0
Cayley Hamilton Theorem Example
1

2
Suppose a matrix is given as A = [ ]. The

characteristic polynomialis A2 — 5A — 2. Use the

matrix A in place of the variable to get p(A) = A2 -

1 2.7 1 2 1 0O
BA - 2| = -5 -2 i
[3 4] [3 4] [o 1]

Now perform the required computations to get

the final value as O.

Cayley Hamilton Theorem Formula

calculations with speed and accuracy. It can also be
used to determine the inverse of a matrix. The formula s
given as follows:

O AN S AN Al jal) - o paalad) by Auntin acddpnigh) i) A0S0 Gijlaall dasla

Department of Computer Engineering Techniques, College of Technical Engineering, University of Al Maarif, Al
Anbar,31001, Iraq



Week-15-Matrices solution-Cayley-Hamilton
DAWAH-2025-2026

ER ey 50k
Chiyiso

Cayley Hamilton Theorem 2 X 2

To apply the Cayley Hamilton Theorem to a 2 x 2 square matrix, the
first step is to determine the characteristic polynomial expression.

General form of the characteristic polynomial

P(A) = A"+an-1A""1+. . +aiA+ao, As n = 2, thus,

p(A) = A + ai\ + ag

For a2 x 2 square matrix this polynomial is written as

p(N) =N —S1A + Sg
where, S1 = sum of the diagonal elements and So = determinant of the

2 X 2 square matrix.

Now according to the Cayley Hamilton theorem, if A is substituted with
a square matrix then the characteristic polynomial will be 0. The
formula can be written as

B2=S1B+Sol =0

here, B is a 2 x 2 square matrix

Cayley Hamilton Theorem 3 x 3

For a 3 x 3 square matrix the characteristic polynomial is
given as p(A) = A3=T2A>+T1A=To
O AN S AN Al jal) - o paalad) by Auntin acddpnigh) i) A0S0 Gijlaall dasla
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where, T2 = sum of the main diagonal elements, T1 = sum of
the minors of the main diagonal elements, To = determinant of
the 3 x 3 square matrix.

On applying the Cayley Hamilton theorem, the formula is given
as

C3=T.C%+T:C-Tol =0
here, Cis a 3 x 3 square matrix.

Cayley Hamilton Theorem Example 3 x 3 Matrix Verify the Cayley
Hamilton Theorem for the

2 -1 2|
matrixC=| -1 2 -1
- -1 2 -

Solution: The characteristic polynomial is given
asC3-T,C2+T:C-To.
To=2+2+2=6
T1=83+2+3=8

To=]|C|=3
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Now p(C) = C3- 6C2 + 8C - 3l

C3=

6C?

8C

3l

Now substituting these values in p(C) we get

29 -28 38|
22 23 -28

- 22 22 29 -
42 -36 54

=|-30 36 -36
- 30 -30 42-
16 -8 16
-8 16 -8

-8 -8 16-

'3 0 O]

O 3 O

0 O 3°
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O O O
O O O
O O O

Thus, the Cayley Hamilton Theorem has been verified.
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