Ass. Lec. Abdalqadir Hamid Chapter 2 . Transcendental Functions

2. TRANSCENDENTAL FUNCTIONS

A function that is not algebraic (cannot expressed in terms of algebra) is called transcendental
function. The transcendental functions are:

1. Trigonometric and inverse trigonometric functions

2. Hyperbolic and inverse hyperbolic functions

3. Exponential functions and logarithmic functions

Inverse Functions

A function that undoes, or inverts, the effect of a function f is called the inverse of f.
One-to-One Functions

A function is a rule that assigns a value from its range to each element in its domain. (i.e for each value
of x, there is only one value of y)

For example: y = x3 one-to-one function

x + 1 one-to-one function

y

y = x? not one-to-one function

Some functions assign the same range value to more than one element in the domain.
The symbol for the inverse function is f 1
x> fof(x) > flox
fHfe) =x
fft=x

¢ Only one-to-one function have inverse.
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2.1 Trigonometric Functions : When an angle of measure is placed in standard position at the center of
a circle of radius r, the trigonometric functions of are defined by the equations:

A

« i >
0 X
v
N Tr
sing =2 cscO = —
r y
X
cos O = - secO = -
_Y _
tan 0 = . cot@ = -
Notice also that whenever the quotients are defined,
sin 0 cos 0 1
tan 0 = cotf = — =
cos @ sin 6 tan 0
1 1
secO = cscO = —
cos @ sin 6

Trigonometric Identities: The coordinates of any point P(x,y) in the plane can be expressed in terms
of the point’s distance r from the origin and the angle 8 that ray OP makes with the positive x-axis
(Figure 2). Since x/r = cosB@ and y/r = sin@, we have x = rcos@,y = rsinf
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The following are some properties of these functions:

1) Sin°@+Cos’8=1

2) I+tan’@=sec’® and 1+ Cot’@=csc’@
3) Sin(@F B )= Sin@.Cosf F Cos@.Sinf

4) Cos(@F B)=Cos@.Cosf £ Sin@.Sinf

_ tan @ ¥ tan 8
5 r ¥ =
) tam(OFF) It tanB.tan B

6) Sin20=2Sin@.Cos@ and Cos20 = Cos’0 — Sin’8@
I+ Cos28 I —Cos28
2

8) an(&ig)=¢cosa and Cos(6$§)=d:.5'in9
9) Sin(—8 )=—8Sin@ and Cos(—8 )= Cos8 and tan(—8)=—tanf
10) Sin.Sinf = %[C‘as(ﬂ —B)—Cos(0+ B)]

7) Cos’@= and Sin’@ =

Cos8.Cosff = % [Cos(@— B )+ Cos(8+ B)]
Sin@.Cosf3 = % [Sin(@— )+ Sin(@+ g)f

1) Sin0+ Sinf=25in° L Cos 2P
Sin&—Sinﬂ:ZC’asM.Sf"H;ﬁ
12) Cﬂﬁ&+Casﬁ=zcﬂs9+ﬂ_cﬂsﬂ—zﬂ
Cﬂsﬂ—CﬂSﬁ:—ZSing';ﬁ_anﬁ";ﬁ

TABLE : Values of sin@, cos@, and tan®@ for selected values of @

Degrees  —180 —135 —90 —45 0 30 45 60 9 120 135 150 180 270 360
0 (radians) - —3@m @ @ ¢ @ @ T T 2z 3m 5% 5 3@
4 2 4 6 4 3 2 3 3 6 2
sin 0 0 -V2 -1 V20 L V2 V31 V3 oV2 oL 0 -1 0
2 2 2 72 2 2 2
cos -1 =V2 o V2 1 V3 V2 L oo 1 V2 -V3 1 o
2 2 2 2 2 2 T 5
tan 6 0 1 -1 0 ﬁ 1 3 -3 -1 = VER 0
3 3
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Graphs of the trigonometric functions are :

y=tanx
y y
/‘\_\- =Cos X / l/\r =sin x /‘ ‘ /‘

i
l
I
T 2w i
3

MY -
—»-=F:r—

-7 _f 0 '_
[ 2 2 2
|
Domain: —oo << x < oo Domain: —oo<<x << 00 Domain: x # + E" + —
Range: —1=y=1 Range: —1=y=1
= - = . R — 00 <"y <00
Period: 2w Period: 2w Paqu. ‘ Y '
(b) eriod: T (©)

v v

w RN \‘C“
W AEAT T

EY

Domain: x ?&:I: == 3—7__ . Domain: x# 0, £ 7, £ 27, . .. Domain: x # 0, £ 7, =2, ...
_ Range: v=—lorv=1 Range: —o0<y<<00
Range: \_-—lor\f’l L . S -
. Period: 27 Period:
Period: 27

(d) (e) (f)

Example : Solve the following equations, for values of @ from 0 to 360 inclusive.

a) tan@ = 2sind , b) 1+ cos@ = 2sin?0
Solution: a) tanf = 2sinf = zzz = 2sin@

sin@ = 2sinfBcosO
= sinf(1 — 2cos0) =0
either sin6 =0 = 6 =10",180",360
orcosd=; = 6=60",300
Therefore the required values of are 0°,180°,360°, 60°,300°.
b) 1+ cosO = 2sin’0 = 1+ cosO = 2(1 — cos?6)
1+ cosO =2(1+ cosB)(1 — cosO)
2(1+ cosO)(1 —cosB) — (1 + cosO) =0
(14 cos0)[2(1—cosO)—1]=0

= (cosO +1)(1—2cosB) =0
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either cos6 = -1 = 6 =180’
or1-2cos§ =0= cos6=; = 6=60", 300°
There the roots of the equation between 0° and 360" are 60°, 180° and 300°.
Example : If tan@ = %, find without using tables the values of Sec8 and Siné.
Solution.
tand=2="=r=V24"+72 =>r=625= r =25

_r_25 . _y _ 7
sece—x—24 and sme—r—25

Example : Prove the following identities:
a) csch + tanBsecO = cscOsec’O
b) cos*0 — sin*0 = cos*0 — sin’*0

secH — cscO _ tan@ + cotO
tand — cot® secO + cscO

Solution.
1 sin 1
a) L.H.S cscO + tanfBsecd = —— + .
sin@ cos0O cos0O
1 N sin@  cos*0 + sin’0 1 1 0 20 RHS
= = ) = cschO.sec .H.
sin@ cos?%0 sinfcos?%0 sin@ cos?%0

b)L.H.S cos*0 — sin*0 = (cos*0 + sin?0)(cos*0 — sin?0) = cos?*0 — sin*0 R.H.S

1 1 sin@ — cos0 sin@ — cos0O
¢)L.H.S secd — csch _ cos@ sin@ _ __ cosBsin@ _ _ cosOsind
tan@ — cot® sin@ cosO  sin?0 — cos?0  (sinf + cosO)(sinf — cos0)

cosO sinO cosOsind cos0sin@

1 sin%0 + cos?*0 sin@ cos0O

_  cosOsinf  _ cos0sind _cos0 " sinf

~ (sin@ + cos@)  sinb cos6 ~ 1 1
cos0sin@ cosOsin0@ ' cosOsin® cosO ' sinf
tan@ + cotB
= R.H.S

"~ secO + cscO
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Example : Simplify J% when x = acscl.

Solution.

1 1 1 1 1t 0
= = = = —Tan
Vx2 —a? +a?csc?0—a? avJesc’0—-1 avVcot? a

Example : Prove that the following identities

a) Sin( A+ B )+ Sin( A— B )= 2.5inA.CosB
Sin( A+ B)
CosA.CosB

SecA.SecB .CscA.CscB

c) Sec(A+ B)=
CsecA.CscB — SecA.SecB

d) Sin208 + Cos26 + 1 — Cot®
Sin208 — Cos268 + 1

b) tan A+ tan B =

Solution.
a) L.H.S Sin(A + B) + Sin(A — B) = SinA.CosB + CosA.SinB + SinA.CosB — CosA.SinB

= 2SinA.CosB R.H.S

Sin(A+B) __ SinACosB+CosASinB _ SinACosB CosASinB

b)RH.S = = = tanA + tanB L.HS

CosA.CosB CosA.CosB CosA.CosB  CosA.CosB
1 1 1 1 1
¢)R.H.S SecA.SecB.CscACSCB _ Cosa'CosB'SinA'SinB _ _CosA.CosBSinASinB_ _ 1
"7 CscA.CscB—SecA.SecB 1 1 1 1 CosA.CosB=SinASinB 64 CosB—SinA.SinB

SinA SinB CosA CosB CosA.CosB.SinA.SinB

= L = Sec(A + B) L.H.S

Cos(A+B)

Sin20+Cos20+1 _ 2SinBCos0+Cos*0—Sin?0+1 _ 2SinOCosO+Cos?0—Sin’0+Cos?0+Sin’0

d) I_H S . - . 2 ) - . 2> ) 7 -2
Sin20—-Cos20+1 25in0Cosf—(Cos~0—-Sin-“0)+1 285in0CosO—Ces540+Sin“0+Cos20+Sin?0

_ 25in0Cos0+2Cos?0 _ 2CosO(Sin
"~ 25in0Cos0+2Sin%0  2Sin®(Cos

= Cot0 RHS
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2.3 The inverse trigonometric functions : The inverse trigonometric functions arise in problems
that require finding angles from side measurements in triangles:

y=Sinx < x=S8Sin""y

Domain: —1=x= 1 Domain: —1 =x= 1 Domain: —= <0 x < =
Range: _1;_r =y= 2—' Range: 0=v=w Range: L ¥ = 1;_r
¥ ¥ v
T
21 S 2l
¥y = arcsin x ¥ = 4rccos x 2 y = arctan x
1 | ) | 1 1 ] | :
=1 l ! 2 i p— 1 2 "
_T
T I . 21
2 -1 1
(a) (b) (c)
Domain: x = —lorx =1 Domain: v =—lorx=1 Domain: —se <0 x < o2
Range: 0=y=my# = Range: — T =y=Z y#0 Range: 0<y<m
¥ ¥ ¥
w m
-——TT 2| 7 y=arccscx
T ¥ = arcsec x . ¥ = arccot x
2 . I I I I z
T =2 -1 L2 2
: -3 1 1 .
— — 3 % T2 i 2
(d) (e) (f)
The following are some properties of the inverse trigonometric functions :
I. Sire ' (—x )= —Sin""x
2. Cos '(—x )=m — Cos™"' x
3. Sirnn " "x 4+ Cos™' ' x = %
<. tan 'f—x )= — rtan—"' x
5. Cor—'x=2" —tan—" x
2
6. Sec ™' x = Cos™—"
X
p— - —r I
7. Csc™ " x = Sin —
a0
&, Sec ' (—x)=mw — Sec™ " x
I ¥

arnd mored thar ¢ Sinx )’ = = Cscx & Sin~ x

Sirtxc
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Example : Given that a = sin™1 ? find:

csca, cosa, seca, tana, and, cota

Solution.

V3 YR

a=sin" — = sina=—==

2 2 r

/ 2
x2+y2=r2=>x= r2—y2=>x= 22_(\/§) =1

csca—f—icosa—f—lseca—f—Z tana—z—\/i cotoc—f—i
_y_\/gl _T_Z, _x_ ] _x_ ] _y_\/g

Example : Evaluate the following expressions :

a) sec (cos‘1 %) b) sin"'(1) — sin"1(-1), ¢) cos™! (—sin g)

Solution.
1 T 1
a) sec (cos‘1 —) = sec (—) -~ —_ =2
2 3 ™ 1
cos(3) 2
= -1 - —1 . 1 .1 T T
b) sin”!(1) - sin"!(-1) =sinT (D +sin (D) =5 +5=m7
T 1 1 T 2
) cos™?! (—sin E) = cos™! (— E) =m—cos! (E) =m-g=3m

Example : Prove that

a) Sec'x=Cos™ b) Sin~'(—x)=—=Sin""x

"~

Solution.

11

1 _ _
12 = Sec™1x = Cos™ 1=
X X

a) Let y=Sec‘1x=>x=Secy=x=L=Cosy=lﬁy=Cos‘
Cosy X
b)Lety = —Sin"lx = —y = Sin"1x = x = Sin(—y) = x = —Siny

= x = —Siny = —x = Siny = y = Sin '(—x) = -Sin"'x = Sin ! (—x)
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Hyperbolic and Inverse Hyperbolic Functions

Hyperbolic functions: Hyperbolic functions are used to describe the motions of waves in elastic
solids; the shapes of electric power lines; temperature distributions in metal fins that cool pipes
...etc. The hyperbolic sine ( Sinh ) and hyperbolic cosine ( Cosh ) are defined by the following

equations:
. el —e U et +e ¥
1. Sinhu= 5 and Coshu=- 2
2 tanhu = Sinhu _e —e and Cothu = Coshu _e +e
Coshu e"+e™ Sinhu " —e™
1 2 1 2
3. Sechu= = and Cschu= =

Coshu e"+e™

4. Cosh’u—Sinh’u=1
5. tanh’ u+ Sech’u=1 and Coth’u— Csch’u=1

Sinhu e"—¢

Coshu + Sinhu=e¢e" and Coshu— Sinhu=e™"

Cosh(—u )= Coshu and Sinh(—u)=—Sinhu
CoshO0=1 and Sinh0=10
Sinh(x + y )= Sinhx.Coshy + Coshx.Sinhy
Cosh(x + y )= Coshx.Coshy + Sinhx.Sinhy
Sinh2x = 2.5inhx.Coshx

Cosh2x = Cosh’ x + Sinh’ x

Cosh2x + 1 Cosh2x -1
Cosh’ x = —+ T —

2

and Sinh’x=
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The graph of the six basic hyperbolic functions

¥ V' v = cosh x ¥
& 3 B v = coth x
Vo= T - k) PR L’—_I’ - {’1. 2 |
2 2+ Jy=sinhx v=8_% 2| = vo=1
\llL 1 7 - - \— 3 ] 2 S T —
A d r-"/_|__|_ | . 3 4\__J_JLJ14___L [, L1 I _1'|=t;1!:h.l‘
-3 -2-1 r__"l 23 371 1 23 -2 — 1 2
e X
Y=y ol Y=
=3rF v = coth x
(a) (b) (c)
Hyperbolic sine: Hyperbolic cosine: Hyperbolic tangent:
. et — et et + &7 1 h - ol = o
sinhx = coshx = —— tanh x = == = £ £
2 2 coshx ¢ + ™

Hyperbolic cotangent:

1 ~_coshx & + ™"
2 2 cothx = = = = =
- v=1 - sinh x e —¢
—_—— e — — [ —— 1_
.——/TIFM x 11 I x

210 {1 2 = | Y2
¥ = sechx y'= csch x
=
{(d) (e)
Hyperbolic secant: Hyperbolic cosecant:
1 2 1 2
sechx = = = cschx = = = =
coshxy e + & sinhxy e — ™

Example : LetTanhu = % determine the values of the remaining five hyperbolic functions.

. 1 25
Solution: Cothu = = —=
Tanhu 7
Tanh?u + Sech? —1:(_7)2+s h2u = 1= 22 | Sech?u = 1 = Sech?u = 220
anh?u + Sech*u = 75 ech’*u = 625 ech’u = ec u—625
Sech _24-
ec u—25
Coshu — _25
OSAU = Sechu ~ 24
Tanh Sinhu 7 Sinhu Sinh
anft Coshu 25 24 nhu 24
25
Cschu = 1 _ 24
S = S~ 7

10
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Example : Rewrite the following expressions in terms of exponentials. Write the final result as
simply as you can:

a) 2Cosh(lnx) b) tanh(inx)
¢) Coshix+ Sinh5x d) (Sinhx + Coshx )’

Solution:
Inx 4 o—Inx -1 B 1 2.1
a)2€osh(x)=2%=e’“x+e”‘x =x+x 1=x+;=xx
Inx _ ,—Inx Inx_ inx~1 -1 -1 x 1 x2-1
e —e e —e x—x x—x -
b) tanh(Inx) = ——— = S =——=——=—f=_x
e!Xe—inx elnx  olnx X+x x+x x+= x~+1
X
_ x%-1
T x2+1
5x, ,—5x 5x_ ,—5x 5x 5x
. e’ +e e’ —e e e
c) Cosh5x + SinhSx = ——+——=—+—>= e>*

e —x\ 4 4
d) (Sinhx + Coshx)* = (ex ze . + ex-l-ze x) = (%x + %x) = (e¥)* = e**

Example : Verify the following identity:

a) Sinh(u+v)=Sinh u. Cosh v + Cosh u.Sinh v
b) then verify Sinh(u-v)=Sinh u. Cosh v - Cosh u.Sinh v

Solution:

U_e™ eV+e ™V eU+e™™ eV—eV
2 2 2 2

eu+v — gu v NH} —euv
4

a)R.H.S Sinhu.Coshv + Coshu.Sinhv = £

eutv 4 gi—v _\e\—u+v — e uv
+
4

etV _ o~ u-v N etV _ g—u-v 2eUtV _ Qo—u-v Z(eu+v _ e—(u+v))
B 4 4 B 4 B 4
eu+v_e—(u+v)

== Sinh(u+v) LHS

11
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b) LHS Sinh(u—v) = Sinh(u+ (—v)) = Sinhu. Cosh(—v) + Coshu. Sinh(—v)
= Sinhu.Coshv — Coshu.Sinhv R.H.S

Inverse Hyperbolic Functions

All hyperbolic functions have inverses that are useful in integration and interesting as
differentiable functions in their own right.

The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of x.

x =itanh ¥ x=cothy : x=cschy
vy =qtanh~'x y = coth™'x | v=csch™'x
-1 0 T =1 o] * \n N
(a) (b) (c)
Some useful identities:
. Sinh'x=In(x+x’+1)
2. Cosh'x=In(x++Vx'=1)
1 1
3. tanh™ x=—.In X
2 I—x
1 1 1
4. Coth™'x==.In rF = tanh™ —
2 x—1 X
I++I1-x? 1
5. Sech'x= h{—x] = Cosh™ —
X X
1 x’+1 1
6. Csch'x=In| —+ X5 T2 |2 Sinn' =
X |x| X

12
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Example : Derive the formula:

Sinh™'x=In(x+Vx’+1)

Solution:

Lety = Sinh 'x = x = Sinhy = x = ee?

= e¥ —eV =2x

= eY—-2x—e V=0 =e?—-2xe?—-1=0

a=1b=-2x,c=-1

—b +Vb% — 4ac 2x +V4x? + 4 2x ++/4(x*+1)
ey = za =) ey = 2 — ey — 2

e =xtx2+1
eithery = In(x —vx%2 +1) neglectedsincex —vx2 +1<0

ory =In(x+Vx2+1) = Sinhx = In(x + Vx2 + 1)

13
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Exponential and Logarithm Functions:

Exponential functions: If a is a positive number and x is any number, we define the exponential
function as:

y = a* with domain: —co < x <

Range:y > 0

The properties of the exponential functions are:

1. Ifa>0 < a* > 0. dazrgo &)l DIV Crgo ol OE131 -1
2. a*.a’ = a*ty dgolade)l Ol Guwd! gozs Cpall dis -2
3 a* — gty agbiiall Ll Gun) &yl dawidll die -3

-~

4. (a*)Y = a*¥ el S gl is -4
5. (a.b)* = a*.b* Gl e g s oY1 -5

2 ) GraSI Y g5 -6

6. ar = Ya* = (Va)"

oYl Byl S Jawal) dasay plially I B)lil (S plaal) Ji Jawd! -7

—-X

_ 1
l.a*=— anda* = —
a
8. a¥=a) © x = y sSlg gluadio eV Sluwlwdl Cglud 131 -8
9.a°=1,a® = o, a® =0, wherea > 0.

a® =0,a® = o, wherea < 0.

14
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The graph of the exponential function y = a* is:

FIGURE 6 Exponential functions decrease if 0 < a < 1 and increase if
a>1.Asx >oo,wehavea* -» 0if 0<a<landa*-> xifa> 1.
Asx - —oo,wehave a* > 0 if0<a<1 anda*—>0ifa > 1.

Logarithm function: If a is any positive number other than 1, then the logarithm of x to the
base a denoted by :
y = log,xwherex >0
Ata = e = 2.7182828 ..., we get the natural logarithm and denoted by:
y =lnx

Let x,y > 0 then the properties of logarithm functions are:

L y=a < x=logy and y=¢€" < x=Iny.
2. logx=Inx.

3. logex=Inx/Ina .

4. In(xy)=Inx+iny .

S5. In(x/y)=Ilnx—-Iny .

6. Inx"=n.Inx .

7. Ine=loga=1and Inl=log, ]I =0 .
8. ax=ex.hia )

9. " =x .

15
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The graph of the function y = In x is:

N v o= In~lx
of
= x=1Iny

FIGURE Thegraphsof y = Inxandy = In"'x = exp x.
The numbereisin™11 = exp (1).

Application of exponential and logarithm functions :

We take Newton's law of cooling:
T-To = (To-Ts)e
where T is the temperature of the object at time t.
T, is the surrounding temperature.
T, is the initial temperature of the object.

k is a constant.

Example: The temperature of an ingot of metal is 80 C° and the room temperature is 20 C°. After
twenty minutes, it was 70 C".

a) What is the temperature will the metal be after 30 minutes ?
b) What is the temperature will the metal be after two hours ?
¢) When will the metal be 30 €° ?

Solution:

16
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In5 — In6
T-Ty = (Ty- T )et* = 50 = 60e?°% = | = —0 - —0.0091

a) T-20 = 60e30(=00091) — 60 x 0.761 = 45.6C° = T = 65.6C"
b) T-T, = 60e20(=00091) = 60 x 0.335 = 20.1C° = T = 65.6C"

c) 10 = 60e790091t = —0.0091t = —In6 = t = 3.3 hrs.

17



