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2. TRANSCENDENTAL FUNCTIONS 

A function that is not algebraic (cannot expressed in terms of algebra) is called transcendental 

function. The transcendental functions are: 

1. Trigonometric and inverse trigonometric functions  

2. Hyperbolic and inverse hyperbolic functions 

3. Exponential functions and logarithmic functions  

Inverse Functions 

A function that undoes, or inverts, the effect of a function   is called the inverse of  . 

One-to-One Functions 

A function is a rule that assigns a value from its range to each element in its domain. (i.e for each value 

of  , there is only one value of  ) 

For example:         one-to-one function 

                                 one-to-one function 

                                 not one-to-one function  

 

Some functions assign the same range value to more than one element in the domain. 

The symbol for the inverse function is       

                       

            

            

 

 Only one-to-one function have inverse. 
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2.1 Trigonometric Functions : When an angle of measure is placed in standard position at the center of 

a circle of radius  , the trigonometric functions of are defined by the equations: 

 

     
 

 
                                  

  

 
 

        
 

 
                                 

 

 
  

        
 

 
                                  

 

 
 

Notice also that whenever the quotients are defined, 

        
    

    
                            

    

    
 

 

     
 

         
 

    
                           

  

    
                    

Trigonometric Identities: The coordinates of any point        in the plane can be expressed in terms 

of the point’s distance   from the origin and the angle   that ray OP makes with the positive  -axis 

(Figure 2). Since           and           , we have                   
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The following are some properties of these functions: 

 

TABLE : Values of     ,     , and      for selected values of   
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Graphs of the trigonometric functions are : 

 

Example : Solve the following equations, for values of   from 0 to 360 inclusive. 

                                                         

Solution:                                                     
    

    
       

               

                  

either                             

or      
 

 
                   

Therefore the required values of are                        . 

                                        

                         

                             

        [           ]    
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either                       

or                 
 

 
                   

There the roots of the equation between    and      are    ,       and     . 

Example : If        
 

  
, find without using tables the values of      and     . 

Solution. 

     
 

 
 

 

  
    √          √          

      
 

 
 

  

  
   and       

 

 
 

 

  
 

Example : Prove the following identities: 

                            

                           

    
         

         
 

         

         
 

Solution. 
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Example : Simplify 
 

√     
 when        . 

Solution. 

 

√     
 

 

√          
 

 

 √       
 

 

 √     
 

 

 
     

 

Example : Prove that the following identities 

 

Solution. 

a )  L.H.S  Sin      + Sin                                              

             R.H.S 

b ) R.H.S    
        

         
 

                 

         
 

        

         
 

        

         
            L.H.S 

c ) R.H.S  
                   

                   
 

 

    
 

 

    
 

 

    
 

 

    
 

    
 

 

    
 

 

    
 

 

    

 
 

                   
                   

                   

 
 

                   
 

 
 

        
           L.H.S 

d)  L.H.S  
             

             
 

                       

                         
 

                                 

                                 
 

 
                

                
 

                

                
           R.H.S 
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2.3 The inverse trigonometric functions : The inverse trigonometric functions arise in problems 

that require finding angles from side measurements in triangles: 

 

 

The following are some properties of the inverse trigonometric functions : 
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Example : Given that        √ 

 
, find: 

    ,     ,     ,     , and,      

Solution. 

       √ 

 
      

√ 

 
 

 

 
  

           √        √   (√ )
 
   

     
 

 
 

 

√ 
,      

 

 
 

 

 
,      

 

 
  ,      

 

 
 √  ,      

 

 
 

 

√ 
 

Example : Evaluate the following expressions : 

      (      

 
),                        ,          (    

 

 
) 

Solution. 

      (     
 

 
)     (

 

 
)  

 

   (
 
 )

 
 

 
 

   

                                         
 

 
 

 

 
   

        (    
 

 
)       ( 

 

 
)         (

 

 
)    

 

 
 

 

 
  

Example : Prove that 

 

Solution. 

a)  Let                    
 

    
      

 

 
         

 
              

 
 

b) Let                                       
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Hyperbolic and Inverse Hyperbolic Functions 

Hyperbolic functions: Hyperbolic functions are used to describe the motions of waves in elastic 

solids; the shapes of electric power lines; temperature distributions in metal fins that cool pipes 

…etc. The hyperbolic sine ( Sinh ) and hyperbolic cosine ( Cosh ) are defined by the following 

equations: 

 

 

 

 

 

 

 

 

 

𝒆𝒖  𝒆 𝒖

𝟐
 

𝒆𝒖  𝒆 𝒖

𝟐
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The graph of the six basic hyperbolic functions 

 

Example :  Let          
    

  
 , determine the values of the remaining five hyperbolic functions. 

Solution:                                          
 

     
  

  

 
 

                (
  

  
)
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Example : Rewrite the following expressions in terms of exponentials. Write the final result as 

simply as you can: 

 

Solution:    

a )           
          

 
            

         
 

 
 

    

 
 

b)           
          

           
           

            
     

      
     

      
  

 

 

  
 

 

 
    

 

    

 

 

                           
    

    
 

c )               
        

 
 

        

 
 

   

 
 

   

 
     

d )                (
      

 
 

      

 
)
 

 (
  

 
 

  

 
)
 

           

 

Example : Verify the following identity: 

 

Solution:  

a ) R.H.S                           
      

 
 
      

 
 

      

 
 
      

 
  

 
                     

 
 

                     

 
 

 
          

 
 

          

 
 

            

 
 

 (            )

 
 

 
            

 
               L.H.S 
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b )   L.H.S                                                        

                                        R.H.S 

 

Inverse Hyperbolic Functions 

All hyperbolic functions have inverses that are useful in integration and interesting as 

differentiable functions in their own right. 

The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of  . 

 

Some useful identities: 
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Example : Derive the formula: 

 

Solution: 

Let                       
      

 
              

                             

               

   
   √      

  
      

   √     

 
      

   √       

 
 

     √     

either        √          neglected since   √       

or     (  √     )             √       
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Exponential and Logarithm Functions: 

Exponential functions: If   is a positive number and   is any number, we define the exponential 

function as: 

      with domain:         

          Range:     

The properties of the exponential functions are: 

1.  If           . 

2.             

3.  
  

        

4.            

5.               

6.   
 

  √   
 (√ 

 
)
 
 

7.     
 

  
  and    

 

   
 

8.           

9.     ,     ,      , where    . 

                      ,      , where    . 

 

 

 

 

 

 

اذا كان الاساس موجب فالدالة الاسية موجبة -1  

ب تجمع الاسس للاساسات المتشابهه -2 عند الضر  

عند القسمة تطرح الاسس للاساسات المتشابهه -3  

ب الاسس -4 عند الرفع تضر  

الاس يتوزع على الضرب -5  

س السري  اى  جر تحويل الا  -6  

ل للمقام بعكس اشا ة الاس والمقام يصعد للبسط بعكس اشا ة الاس  -7 ر البسط ينر  

اذا تساوت الاساسات فالاسس متساوية والعكس -8  
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The graph of the exponential function      is: 

 

 

 

Logarithm function: If   is any positive number other than 1, then the logarithm of   to the 

base a denoted by : 

          where     

At                    , we get the natural logarithm and denoted by: 

        

Let          then the properties of logarithm functions are: 

 

                             

 

FIGURE 6  Exponential functions decrease if   𝑎    and increase if 

𝑎   . As 𝑥   , we have 𝒂𝒙  𝟎 if    𝑎    and 𝒂𝒙    if 𝑎    . 

As 𝑥    , we have  𝒂𝒙    if   𝑎     and 𝒂𝒙  𝟎 if 𝑎   . 
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The graph of the function        is: 

 

 

  

Application of exponential and logarithm functions : 

We take Newton's law of cooling: 

                      
   

where T is the temperature of the object at time t. 

   is the surrounding temperature. 

   is the initial temperature of the object. 

  is a constant. 

Example:  The temperature of an ingot of metal is 80    and the room temperature is 20   . After 

twenty minutes, it was 70   . 

a) What is the temperature will the metal be after 30 minutes ? 

b) What is the temperature will the metal be after two hours ? 

c) When will the metal be 30    ? 

Solution: 

FIGURE The graphs of 𝑦   𝑙𝑛 𝑥 and 𝑦   𝑙𝑛   𝑥   𝑒𝑥𝑝 𝑥.     

                 The number 𝑒 is 𝑙𝑛       𝑒𝑥𝑝    . 
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