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Continuous-time Fourier analysis

Fourier series is an approximation process where any general (periodic or aperiodic)
signal is expressed as sum of harmonically related sinusoids. It gives us frequency
domain (or spectral) representation. If the signal is periodic Fourier series represents
the signal in the entire interval (-o0, ). i.e. Fourier series can be generalized for

periodic signals only.
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Figure 1 Fourier analysis of a square wave. At the left are the successive harmonics; at the right
are the sum waves including each successive harmonic. The graph at the top is the wave being
synthesized.

It has been found that square waves are mathematically equivalent to the sum of a
sine wave at that same frequency, plus an infinite series of odd-multiple frequency
sine waves.
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Figure 2 A square wave is approximated by the sum of harmonics
Different Forms of Fourier Series

1. Trigonometric Fourier series
2. Polar form
3. Exponential Fourier series

Trigonometric Fourier Series

A periodic signal x(t) can be expressed as infinite sum of sine or cosine functions
that are integral multiples of w,

x(t) = a, + Yp-1[a,Cos(nw,t) + b,Sin(nw,t)] (1)

Where wo = 2xt/T is known as fundamental frequency (rad/sec) and the constant a,,
an, and b, are the Fourier coefficients. The coefficient 'a," is the dc component. The
process of determining the coefficients is called Fourier analysis. The following
trigonometric integrals are very useful in Fourier analysis.

1

a, = fOTx(t)dt (2)

T

a, = %fOTx(t).Cos(nth)dt (3)



b, = %fOTx(t).Sin(nwot)dt (4)

Tihle d()rn

|
aiy " ‘I ! e’

Figure 3 Fourier expansion of square wave time and frequency domains

Continuous-Time Fourier Transform (CTFT)

In the previous chapter, we saw that Fourier series can be generalized only for
periodic signals not for aperiodic one i.e. any periodic signal is represented as linear
combination of hormonally related complex exponentials. This limitation is
overcome through Fourier transform which is applicable for both aperiodic and
periodic signals. The Fourier transform gives a frequency domain description of time
domain signal. An aperiodic signal is one which is periodic with an infinite period.
As the period increases the fundamental frequency decreases which makes aperiodic
signal infinitesimally close in frequency and the representation in terms of linear
combination takes the form of an integral rather than sum. The resulting spectrum is
called Fourier transform. Thus, Fourier transform is extension of Fourier series for
aperiodic signals.



Consider a continuous time signal x(t). Its Fourier transform is defined as
FT[x(0)] = X(w) = [ x(t).e7/tdt  (5)

The transform X(w) is frequency domain description of x(t) and right side of
equation is known as Fourier integral. Thus x(t) and X(®) makes Fourier transform
pair as

() & X(w)  (6)
Fourier Transform of Some Basic Signals
(i)  Unitimpulse: x(t) = 8(t)
By definition

X(w)=J"_ 8(t).e7/@tdt =1

FT
Therefore, (Y1 (7)
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Figure 4 Unit impulse and its Fourier transform
(ii)  Exponential Signal: x(t) = e *u(t),a >0
By definition

X(w) = [ e~%u(t).e /@tdt = foooe"(“”‘”)tdt
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Figure 5 Exponential Signal and its Fourier transform

(iii)  Signum Function: x(t) = sgn(t)

1, t>0
x(t) = sgn(t) = { 0, t=20
-1, t<o0
Also sgn(t) = u(t) —u(—t)

This signal is not absolutely integrable so we calculate Fourier transform of sgn(t)
as limiting case of sum of exponential [e®.u(t) — e*u(-t)], a— 0.
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Figure 6 sgn function as limiting case of sum of exponential

x(t) = sgn(t) = }li_r)rcl)[e‘“t.u(t) — e u(—t)]

Taking Fourier transform of this equation
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Figure 7 Fourier transform of Signum Function
(iv) Unit Step: x(t) = u(t)
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Figure 8 Relation between Signum function and Unit step function
1+ sgn(t)

u(t) = >

FT
Note: A, © 2w A,6(w)
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1 1 1 1
FT[u(t)] = FT [E + Esgn(t)] = EFT[l] + EFT[sgn(t)]

1 12 1
X(w) = EZnS(w) +§]_w =nd(w) +j_a)

FT 1
u(t) o nd(w) + P (10)

(v) x(t) = Cos(w,t)

ejw0t+e_jw0t
Cos(w,t) = - Euler's formula

X(w) = FT[Cos(w,t)] = %FT[ef“)Ot + e~/ @ot]
Note: et/@ot & 2né(w ¥ w,)
X(@) = 7 (21500 — w,) + 215(0 + w,)]
X(@) = 7[8(0 — 0,) + 8( + w,)]
Cos(@,t) & T[8(w — wp) +8(w + w)] (1)

4 x(t) = cos wyt b X(o)

Figure 9 Cos(w,t) Signal and its Fourier transform
(vi) x(t) = Sin(w,t)
ejwot_e_jwot

Sin(w,t) = T Euler's formula




1 . _
X(w) = FT[Sin(w,t)] = Z_jFT[ejwot _ e‘f“)ot]

i FT _
Note: et/ & 26 (w F w,)

X(w) = 2%,[2716((1) —w,) — 216 (w + w,)]

X(w) = ?[sao — W) — 8(w + wy)]

Sin(w,t) 2[8(0 — w) = 8@+ wo)]  (12)

4 x(t) = sin oyt $ X(®)

Figure 10 Sin(w,t) Signal and its Fourier transform
Inverse Fourier Transform

The inverse Fourier transform maps the frequency domain description X(w) back
into time domain is given as

IFT = FT X (w)] = x(t)  (13)
x(t) =— [ X(w).e/'dw  (14)
() X()=d8w)

By definition of IFT

FTX(w)] = ifoocY(a)).ej“)tda) = *
21 ) _, 21



Therefore, d(w) & —
2m
FT
Thus, A, o 2nA,6(w)  (15)
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Figure 11 DC Signal and its Fourier transform
(i) X(w) =é(w—w,)
By definition of IFT
FT [ X(w)] = i-[OOS((U — w,). e/?tdw = i.ej“)ot
21 ) _ o, 2T
T 1

IF .
Therefore, S(w— w,) <« g.ef“)ot

L FT
Thus, el?l o 26 (w —w,) (A7)



Fourier Transform Table

No. x(t) X(o)
1 5(t) 1
2 e~y (t) 1 2> 0
a+jw’
3 sgn(t) 2
Jjw
4 u(t) o (w) + i
Jjw
5 Cos(w,t) [ (w — w,) + 6(w + w,)]
6 Sin(wot) ]E_[&(w — a)o) —6(w + a)o)]
7 A, 2m A,6(w)
8 ejwot 27'[5((1) - wo)

Fourier Transform Properties

1. Linearity:

If

Then

FT FT
x1(t) © Xq(w) and x,(t) © Xp(w)

ax, () + Brs () & aXy(@) + BXo(w)

Meaning: The FT of linear combination of the signals is equal to linear

combination of their Fourier transforms.
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. Time shifting:
FT
If x(t) o X(w)

FT .
Then x(t—t,) e /%X (w)

Meaning: A shift of ‘t,’ in time domain is equivalent to introducing a phase
shift of — wt,. But amplitude remains same.

. Frequency shifting:
FT
I x(t) o X(w)

o FT
Then x(t).e/%t o X(w — w,)

Meaning: Shifting the frequency by ‘w,’ in frequency domain is equivalent
to multiplying the time domain signal by e/®et.

. Time scaling:
FT
If x(t) & X(w)
FT 1 W
Then x(at) & EX (Z) , ‘a’ any real constant.

Meaning: Compression of a signal in time domain is equivalent to expansion
in frequency domain and vice versa.

. Time reversal:

FT
I x(t) o X(w)
FT
Then x(—t) o X(—w)
. Time Convolution:
FT FT
I x1(t) © X1 (w) and x,(t) © X, (w)
Then 1, (6) * %, (8) © X1 (). X, (@)
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Meaning: The convolution in time domain is equivalent to multiplication in
frequency domain.

7. Duality:
FT
If x(t) o X(w)
FT
Then X(t) & 2nx(—w)
x(1)
1
a 0 a
(@) &
x(1) X(w)

(a) (b)

Figure 12 Duality property
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