Chapter Six

Methods of Integration

6.1. Integration by Parts:
The formula for integration by parts comes from the product rule:

dlu.v) =u.dv+v.du = u.dv=duv)—v.du
and integrated to give: [u.dv = [d(u.v) — [v.du

then the integration by parts formula is:-

ju.dv=u.v—jv.du

For u: choose something that becomes simpler when differentiated.

Rule for choosing u and dv is:

For dv: choose something whose integral is simple.

It is not always possible to follow this rule, but when we can.

Example 1: Evaluate the following integrals:

1) Ixex dx 2) Ix-casxdx

Solution.

H=X = du = dx
1) let = Iudv=u-v—j.vdu
dv=e“dx = v=e"

Ix-e"‘tix=x-€*'—J'€'ftix=x-€"‘—€"‘+f



H=sx = du = dx
2) let . = Iudv=u-v—jvdu
dv=cosxdx = v=sinx

Ix-cnsxtbf=x-siﬂx—jsinxtb:=x-siﬂx+cosx+c
Example 2 : Evaluate the following integrals:
3) f e*Sinx dx 4) f Inx* dx

Solution.
3) Letu = Sinx = du = Cosxdx

dv =e*dx = v =¢*
fudv=uv—jvdu = jexSinx dx = exSinx—fexCosx dx

Letu = Cosx = du = —Sinxdx

dv = e*dx = v = ée*
f e*Sinx dx = e*Sinx — [exCOSX - f —e*Sinx dx]
= ] e*Sinx dx = e*Sinx — e*Cosx — f e*Sinx dx

= 2 j e*Sinx dx = e*Sinx — e*Cosx + C

e*Sinx — e*Cosx+ C
2

= fexSinx dx =



4) flnxx dx = fxlnx dxzf Inx xdx

Letu =Inx = duzidx

X2
dv = xdx =>v=?

x2 x:1
judv:uv—Jvdu = Jlnxx dx = —lnx—f——dx
2 2 x
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= 2 nx 2 xax
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Example 3 : Evaluate the following integral:

j x3e*dx

derivative of u integration of dv

+ e~
s‘* e’
bx + e’
6 \-. E.T
0 \ e’

jx3e"dx = x3e* — 3x%e* + 6xe* — 6e* + C



6.2. Odd and Even Powers of Sine and Cosine

To integrate an odd positive power of sinx (say sin®**1x ) we split off a factor of sinx

and rewrite the remaining even power in terms of the cosine. We write:-

I.ﬂ'n}"” X-dx= I(I—cnsz x) ".sinx dx
and Imsz"“ x-dx=j(f—sinz .1:) ".cosx dx

Example : Evaluate:

1) Isfnjxdir 2) Icmjxdﬁr
Solution.
1) jsin3xdx = fsinzx sinxdx = f(l — cos*x) sinx dx
= f (sinx — sinx cos?x) dx = j sinx dx — J sinx (cosx)* dx
= j sinxdx + j —sinx (cosx)?dx = —cosx + (coTsx)g’ +c = —cosx + cos’x +c

2) j cos®xdx = f cos*x cosx dx = f(coszx)2 cosx dx = J(l — sin?x)? cosx dx
= f(l — 2sin’x + sin*x) cosx dx = j(cosx — 2cosx sin®x + cosx sin*x) dx
= jcosx dx —2 f cosx sin’xdx + f cosx sin*x dx

sin®x sin®x

=sinx — 2 + +c
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To integrate an even positive power of sinx (say sin®"x ) we use the relations:

1 s 2 1—cos2
00829=ﬂ or Siﬂ29=ﬂ

2 2

then we can write:-

Isinz" x-dx= J-(I—c;';Zx]" dx

and Icosz" x-dx= j[%) dx

Example : Evaluate:

1) Icosz 6do 2) j'sin“ada

Solution.

1+ cos20 1 1
1) fcosze do = ] (—) do = Ej(l + c0s260)dO = EU do + f coszede]

2

1 sin26 1 sin206
_E[B-F 2 ] +c=-0+

c
2 4 *

1 — cos260

2) jsin“e do = j(sinze)2 do = f( >

2
1
) do = Z_[(l — c0s20)%do

1 1
= Zj(l — 2c0s20 + c0s%20)do = z U de — 2 f cos260de + j cos?20 de]

1 1+ cos46
=1Ud9—2fc0529d0+f<T>d0]

1 sin20 1 sin40
-2 o

4 2+20+4-



1 sin20 1 sin40

4 4 +80+ 32

+cC

B 3 0 sin20 N sin40 N
~ 8 4 32 ¢

To integrate the following identities:-
f SinAx.SinBx dx J SinAx.CosBx dx , f CosAx.CosBx dx

we use the following formulas:-

N =

SinAx.SinBx = - [Cos(A — B)x — Cos(A + B)x]
. 1 . .
SinAx.CosBx = > [Sin(A — B)x + Sin(A + B)x]

1
CosAx.CosBx = 2 [Cos(A — B)x + Cos(A + B)x]

Example : Evaluate:

1) Isin 3x-cosSxdx 2) Icosx-cos?x dx 3)Isinx-sin2xdx

Solution.

1
1) jsinSx. cos5xdx = Ef(sin(S —5)x +sin(3 + 5)x) dx

1 1
= Ej(sin(—Z) X + sin8x)dx = EJ(—sian + sin8x) dx

— 202 8

11cos2x cos8x B [cost cosSx] N
¢ 4 16 | €

1
2) j cosx.cos7xdx = Ej(cos(l —7)x+cos(1+ 7)x)dx



1 1
= Ef(cos(—6) x + cos8x)dx = Ef(cos6x + cos8x) dx

l[sin6x sin8x] [sin6x sin8x
_— c _—

=276 T 8 12+16]+c

1
3) f sinx.sin2xdx = Ej(cos(l —2)x—cos(1+ 2)x)dx

1 1
= Ej(cos(—l) x — cos3x)dx = Ef(cosx — cos3x) dx

_1[-
= 5 |sinx

sin3x] _ [sinx sin3x N
3 > 6 ¢

6.3. Trigonometric substitutions:
Trigonometric substitutions enable us to replace the binomials a? — u?, a? + u?, and

u? + a? be single square terms. We can use:

u=asin@ for a’—u'=a’-a’sin’@=a’(1-sin’0)=a’cos’ 0
u=atan@ for a’+u’=a’+a’tan’@=a’(1+tan’8)=a’sec’ 8

u=asecl@ for u'’—a’=a’sec’@—a’=a’(sec’0—-1)=a’tan’

Example : Evaluate the following integrals:

dx

dx dt
2"Iﬂ/4+x2 2 e S)Iv’zsrf—ﬁ'

Solution.



X

2) let x=2tan@ = dx=2sec’d-db ran9=3

dx 2sec’ 6 dO
I =I thad =Iser:d9 d@ = In|sec 6 + tan 8| + c

Va+x? T4+ 40an’0

4 2

Ved+x? x ¥ .
="+ |+c
2 2 6 -

=Inv‘4+x"+x|+c" where ¢'=c—1In2

3) let x=2sin@ = dx=2cos0-db

I dx _szsﬂdﬁ_i dé
4-x’ 4—4sin°0 27 cos@

1

1

=Eln secﬂ+ran9|+r:

=§Isecv9d€

2
) X

=—In

2 X Vi = x?
+ +c
2 \a-x* Ja4-x?
2+ x 1 2+ x 1
+c=—In +c=—1In
J(2=x)(2+x) 2 V2-x 4

5) let 5t=3sec@ = S5dt=3secO-tandb

3/ secO-tan6 do

I at =42 =£Isec€d9

J25¢ -9 J9sec’9-9 5
1
=—insec9+ran9‘+c 5¢
1.|5t 25¢7-9 <
=S+ X2 T e 3
5 3 3
=£in 5t+~\f’25r’—9‘+c' where c'=c—§ln3

25t° -9



