Chapter Seven

Application of Integrals — (Jalsall cilish)

7.1. Definite integrals: (333l <L) )

If f(x) is continuous in the interval a < x < b and it is integrable in the interval

then the area under the curve:-

[ £(x)ax=F(x)} =F(b)-F(a)

where F(x) is any function such that F'(x) = f(x) in the interval.

Some of the more useful properties of the definite integral are:-

1) Ic f(x)dx= cI fix)dx , where c is constant.
: ’ b b
2) [(feo¥ g9 Jax = [ frodx+[ godx
b a
3) [ feoax ==[ fixyax
a b , ) .
4) Let a<c<b then If(x)dx = If(x)dx+ If(x)dx
5) [ frode=0
6) If ()20 for a<x<b then jf(x)dxa 0

b b
7) If fix)<g(x) for a<x<b then If(x) dx SIg(x)dx



Example 1. Evaluate the following definite integrals:

1) ii 2) Tcmxdx
S X+ 2 - L

5) j{e_;dx 6) ]E(fr—x)-ca.u'dx
=2 o

Solution.

[

dx
1) j—2=fn(x+2)\j=:n(6+2)—1n(2+2)=1n3—1n4=31n2—2m2=mz
5 X+

e 1. 3
2) [cosxdx=sinx|] = sin( 7 )~ sin(%) =—1-1=-2

sz

4

4
5) je‘fdx=—2e‘? =—2(¢?—e)=2(e—e)
-2

=2

6) Let u=nm—x = du=-—-dx & dv=cosxdx = v=sinx
I(ﬂ—x)-cosxdx=(ﬁ—x)sinﬁ:+Isinxdx=(f:—x)sinx—cosx1:
/] 0

=(n—7x)sing—cosn—((m—0)sin0—cos0)=0—(-1)—(0—1)=2



7.2. Area Between Two Curves: (Cmisia G 8aiaall daluall )

Suppose that y; = f1(x) and y, = f,(x) define two functions of x that are

continuous for @ < x < b then the area bounded above by the y, curve, below by

¥y, curve and on the sides by the vertical lines x = a and x = b is:
b
A=[[f.(x)= f.(x)]ax
il

Example 2. Find the area bounded by the x-axis and the curve:

y=2x—x? y
2 A
Solution. -
1 7
y=0 ..(1) %\
z > X
y=2x—-x* ...(2) -

2x—x*=0 = x(2—x) =0 = eitherx=0 orx =2

The intersection points (0,0), (2,0)

‘ x? x3
Area=](2x—x2)dx=27—? =22 ——=4——=— unit?
o 0



Example 3. Find the area bounded by the y-axis and the curve:

.v

x=y?—y3 A
1
Solution.
x=0 ..(1)
x=y2—y3 ...(2) =
y2—y3=0 = y*(1-y) =0 = eithery=0ory=1
The intersection points (0,0), (0,1)
! y3 oyt 3 14 1
Area = f(yz—y3)dy=?—7 =TT TT unit?



Example 4. Find the area bounded by the curve y = x% and the line y = x.

Solution. .
A

y=x ...(2)

R

x=x*=2x>-x=0=x(x-1)=0 =

The intersection points (0,0), (1,1)

1
x
Area=J(x—xz)dx=——— — — — = — unit?
0



7.3. The Length of a Plane Curve: ( skl Jsh)

The length of the curve y = f(x) from point A(a,c) to B(b,d) is:-

L=j. 1+(ﬁ)2 dx
g dx

If x can be expressed as a function of y then the length is:-

L—J 1 ﬁ*’d
—‘[ +(dy) y

B(b,d)
d y=f(x)




Example 5. Find the length of the curve: y =3x 4+ 4 fromx =1tox = 5.
Solution.

3x +4 dy 3
= _ — =
Y x dx

=f,1+ dx=>L—f 1+ (3)2%dx

5

=>L=j\/1de=>L=\/10x|:=\/10(5—1)=4 10 unit

1



3
Example 6. Find the length of the curve: y = ;(x2 + 2)z fromx = 0tox = 3.

Solution.

Lozt = Dol xaes Doxz 20
= — - — = — — - — =
y=3\¥ dx 3°2% = ax T

3

b
L=j 1+(d—) dx:>L=j 1+<x(x2+2)2) dx
X
a 0

3 3
=>sz\/1+x2(x2+2)dx:>L=f\/1+x4+2x2dx
0 0

3

3 3
3
X
=>L=f\/x4+2x2+1dx=>L=Jw/(x2+1)2dx=>L=?+x
0 0

0

33
= L=?+3=9+3=12 unit



3
Example 7. Find the length of the curve: y = :—2 + i fromx =1tox = 4.

Solution.

dy 3x*
- — = — — el =
dx 12 x dx 4 x2

R W SR NN L AN A S
Slent | =ty ot e 2T

_(64—4\_(1-12\_(61\ (-11\ 72 __
=\"12 ) \T12 )T \12) "\ 1) T T ountt




7.4. Volumes (pg===l)

Coll eulinn )93 Hg=a J9> bgiun dilaie Oly9a QAL‘Z;.,Q e S 9 L}‘Jﬁ"\” M‘

Ol ygan M\ Lozl (09 Aol 8y90
-pgzdl Clwed Olid b 2llag
1- Disk Method: (uedl 48 k)

OB A (5 )l s e gl X-AXIS J s> 4 giua Aihaia ) 93 (o il (S sl aaal) IS

SE-SEETEN
b
V= nJ[R(x)]Z dx

297 JI JoBill Adhaial o 2l adad Al (1o g (o) yhad ol 98 R(X) o

SUTEY

OL 4 (S)lge euiiuns 9l y-axis Jg=> dgiue dilaie Olgd e gl 3hod! puuzeoll O 131 Ll

uﬁs.\dw

V=mn|[Ry)]*dy

Q'\c‘



Agy sl sda 8 Ly peaill eae  Je A gae day W3l S8 sadaa Dl

Example 8. Find the volume generated by revolving the region bounded by:-

a) y =+/x,x = 0, and x = 4 about x-axis?

Solution. o
’\ »
b 4
2 x? ' > —
V=1tj[R(x)]2dx=1tf[\/§] dx=1t7 >
a 0 0
\ f
2 F o~
=V-= mo = 8m unit3
b) x = 3 ,y =1, and y = 4 about y-axis?
Solution. ey
'jc\

b t 2 4 14
V=1tj[R(y)]2 dyznf[;l dx=4njy‘2dy=4n{—1
a 1 1

1

1* 1 1 -3 .
= V=—4nr—| = —4n<———) = —4-11'(—) = 3T unit
vyl 4 1 4




Example 9. Find the volume generated by revolving the region bounded by:
y=+x,x=0,and x = 4 abouty = 1?
Solution.

4

b 4
V=nj[R(x)]2dx=nf[\/§—1]2dx==1tf(x—2\/§+1)dx
a 0

0

3 4
x2 xZ 42 4
_ A Yt —  __.Ja3
V=r > 2§+x =V n(z 3 4+4>
2 0
=V = (12 32)—4” it3
=1 3 —3um

2- Washer’s Method (s e dll 44, b)

UL Judl gy SIS ST Ay ol 0.



7.5. Surface Area of Solid of Revolution: (395 puward desrdawdl il>luwll)

Aailil) dpadacdd) Aalsall b [, b] 4llial) 3 g8l e g LI AL g 3 palisa f(x) > 0 <ilS 1Y

OsSix-axis dsa y = f(x) Hadall Oluga (a

b 2
S—an 1+(Q) dx
B y dx
a

Labudl daluwal) Glé [, b] 4dlial) 3 ad o g GLELEU ALE 9 5 jaiwa g(x) > 0 <ils 13) Alisy

GsSiy-axis dsa x = g(y) ¢iadal) Ol sga (e daaldl)

b 2
S—anx 1+(ﬂ) d
a



Example 10. Find the area of the surface generated by revolving by the curve

x=1-1y,and 0 <y < 1, about y-axis?

Solution.

We will use the formula

b 1
dx\?
S=21tjx ’1+<d—y) dy=>S=2nfx\/1+(—1)2dy
a 0

1

! 2
=>S=2\/§1tf(1—y)dy=2\/§n<y—y?>
0

0

= 2vZn 1 _%) _ zﬁn(%) — V2



Example 11. Find the area of the surface generated by revolving by the curve

y = 2+v/x,and 1 < x < 2, about x-axis?

Solution.

2 2
1 x+1 1
=>S=2nj2\/§/1+;dx=4nj\/§ " dx:4n(1_f)
1 1

2

3
am [ EF T ar = an O (5 V) - (3 - 2D)

1 2




