Ass. Lec. Abdalgadir Hamid Chapter 3 : Derivatives

Chapter Three
Derivatives

Let y = f(x) be a function of x. If the limit:

W fprix)= tim TOFAI~SC) _ )

dx x>0 Ax deso Ax

exists and is finite, we call this limit the derivative of f at x and say that f is
differentiable at x.

Example 1: Find the derivative of the function: f(x) = x* + x + 1 at x = 2.

Solution.

f(x+Ax) — f(x)
Ax

f100 = fim

o (x+AM)P+H (x+Ax)+H1 - [x2+x+ 1]
f'(x) = lim
Ax—0 Ax

x4 2xMx+ (M) +x+Ax+1—x2-x—-1
= lim
Ax—0 Ax

2xAx + Ax + (Ax)? o Ax(2x+ 1+ Ax)
= lim
Ax—0 Ax Ax—0 Ax

=Alin(l)2x+1+Ax=2x+1+0=2x+1

X—>

ff2)=212)+1=5

Example 2: Find the derivative of the function: f(x) = vx + 1

Solution.

f'(x) = lim [+ Ax) — f(x) =>f(x) = lim\/m —Vx+1
Ax—

0 Ax Ax—0 Ax

Vx+Ax+1—+vVx+1 JVx+Ax+1++Vx+1
Ax VxFAx+1+Vx+1

 (VxFhx+1) - (xt1)?
f'(x) = lim
x>0 Ax(Wx+Ax+1+Vx+1)

£ = tim
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£ @) = lim (x+Ax+1)—(x+1)
-0 Ax(Vx+ Ax + 1+ Vx + 1)

, . x+Ax+1-x-1 1
f'(x) = lim =
o0 Ax(Vx+Ax+1+Vx+1) Vx+0+1+Vx+1

~ 1 1
T VxFil+Vx+1 2Vx+1

Rules of Derivatives

Let ¢ and n are constants, u, v and w are differentiable functions of x:

d ._
1 dxc—O
d n_, o n-1du _ d(1Y__ I du
S Ll = ) W2 dx
d .y=cdqu
3. Ecu_cdx
d —ducdv .d . t,7,,)=dusdvdw
4. dx(u+v)_dx+dx ’dx(u+v+w) dx+dx+dx
d —pdv . du
5. ir(uv)_u'ix+vdx
du dv
el | R
6. i(£)= dx > dx where v#0
dx\ v v
Example 3: Find % for the following functions:
a) y=(x>+1)° b) y=[(5-x)4-2x)f
3 2 -5 12 4 3
c) y=(2x" —-3x"+6x) d) y=——-—7+—
, , I X sz X
+ -x+ -
o) y= (X ¥ =X+ D) f)y=———
X X +x-=2

Solution.

a) %,=.‘:T(.x:"+j')"f.2.a:'=j’t‘i‘.vns:(.an"?+j')‘af
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b) %:2[(5—x)(4—2x)][—2(5—36)—(4—23‘)]

=8(5—x)(2-x)(2x—-7)
c) —==5(2x"=-3x"+6x)"(6x’—6x+6)

==30(2x" =3x" +6x)°(x’=x+1)
d) y=12x"-4x7+3x7" > d—y=—12x'2 +12x7 = 12x7

dx
o S AE
e) y=(x+1)(xj—x+1)=>
d_.V:xj[(xzx—x+1)+(x+1)(2x—I)]—3x2(x+1)(x2-x+1)=_i
dx x° o
f) dy _2x(x’+x-2)—(x’=1)(2x+1) _ x’-2x+1

dx (x’+x=2) (Xl +x=2)°
The Chain Rule

1. Suppose that h = go f is the composite of the differentiable functions y = g(t) and
x = f(t), then h is a differentiable functions of x whose derivative at each value of x is:
dy _dy _dx
dx dt  dt

2. If y is a differentiable function of ¢t and ¢ is differentiable function of x, then y is a
differentiable function of x:

dy dy, dt

dx dt dx

y=g(t) and t= f(x)=>
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Example 4: Use the chain rule to express % in terms of x and y:

a) y= ;2 and t=+2x+1
t -+ 1
b) y= 21 and x=+4t+1
"+ 1
Solution.
a) y= : :ﬂf:zt(t -:—I)—:’.’t.t _ 22! :
t'+1 dt (t°+1) (t°+1)
Tooat 1 - 1
t=(2x+1)’ =>—=—.(2x+1) °.2=
(x+):¢ix 2(x+) erl
dy _dydt _ 2t 1 22x+1 1 1
dx dt dc (P+1)7 2x+1 (2x+1)+1) 2x+1 2(x+1)}
- dy 2 —2 2t
b =(t’+1)"'=> L =2¢t*+1)?=-——"_
) y={( ) I ( ) (i +1)
1 i
dx 1 - 2
x=(4t+1)’ = —=—(4t+1) > 4=——
dt 2 A4t + 1
dy dy  dx 2t 2 N4+ 1

dc  dt  dt (2 +1)°  Jdi+1 (£ +1)
x?—1 1 xy’(x’-1)

= - X+ =
4 y2 4
2
where x=«\f4f+1=»r=x u
3 1
where y= >t +1=—

t’+1 ¥
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Higher Derivatives

If a function y = f(x) possesses a derivative at every point of some interval, we may

form the function f’(x) and talk about its derivate, if it has one. The procedure is

formally identical with that used before, that is:

dzy_i(di]_d fi(x+4x)- f'(x)
a Ax

o el ) a1,
if the limit exists. This derivative is called the second derivative of y with respect to x. It
Is written in a number of ways, for example,

n

d"y
dxﬂ‘

YL rmex),
Example 5: Find all derivatives of the following function:
y=3x -4+ 7x+ 10

Solution.

2

Y9y _gx+7 jxfﬁsx—s

dx
4 h)
‘;x-}’_w , %:a:‘;—f;_._

Example 6: Find the third derivative of the following function:

L
X

Solution.
3 dy 3 1
= x1 2 = — = —2 2
y +Xx dx X “+=-x
d?y d3y 3 3 d3y 6 3
——2_3 — 2 > —=—6 -4 _ _ 2 DS — = —— —
2 X 2" dx3 x g~ dx3 xr gJ/x3
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Implicit Differentiation

If the formula for f is an algebraic combination of powers of x and y. To calculate the
derivatives of these implicitly defined functions , we simply differentiate both sides of the
defining equation with respect to x.

Example 7: Find % for the following functions:

a)x‘?.y2=x2+y2 b)(x+y)3+(x—y)3=x4+y4
)Y 2 ar PGB d) xy+ 2x - Sy = 2 at P(3,2)
x—2y
Solution.

dy dy
2 2
a)x.Zydx+y.2x 2x+2ydx

dy dy dy
2x'y -2y =2x - 2xy’ =2 (xy—y) =2(x —xy*)
dy x-—xy?
dx x(y—y

b) x+y)B3+x—-yP=xt+y*

dy dy dy

2 il a2 (12 _ 4.3 3 4

3(x+y) (1+dx>+3(x y) (1 dx) 4x° + 4y Ix
dy dy dy
2 2 &Y N2 N2 4.3 327
3x+y)*+3(x+y) dx+3(x y) 3(x—y) Ix 4x° + 4y Ix

dy

— A3 _ 2 _ )2
dx_4x 3x+y)*—-3x—y)

dy dy
3(x + y)za —3(x - y)za —4y3

%(B(x +¥)? - 3(x-y)* - 4y°) =4x° - 3(x + y)* - 3(x — y)*

dy 4x°—-3(x+y)*-3(x—y)?

dx 3(x+y)2—-3(x—y)2—4y3
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) "‘Zyy =2 atP(3,1)

-2 (1-2)-x-»n(1-29)
(x —2y)?

=0

(x_z)’)—(X—Z)’)%—(x—y)+2(x—y)%_
(x — 2y)2 -

=

0
d d
(x—Zy)—(x—Zy)d—i’—(x—yHZ(x—y)d—i:0

d
d_i’(z(x—y)—(x—Zy)) =x-y)—-(x-2y)

dy (x—y)—(x—-2y)

dx  2(x—y) —(x—2y)

@ _B-Dog-2a)
d

xlzy 2B3-1)-(3-2(1) 3

d) xy+2x—5y=2 at P(3,2)

dy dy dy dy -y-2
xa+y+2—sa—0 = a(x—S)——y—Z = 3 =5_%
[dy _—2—2_—4_2
dX(g'z)_ 3-5 _—2_
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Exponential functions : If u is any differentiable function of x, then:

7) %a“=a“.lna.ii—dxu and %e“=e“.%

Example 8: Find % for the following functions:

a) y=2" b) y=2*3"

o) y=(2) d) y=x2%
S [145c2

e)y=e(x+£ ) f)y=£"“’5'

Solution.
dy
a =22 =2%3Ip2
)y dx
- dy _

b =23 "> p=6"=>—=6".In6

)y y .
c) y=(2’f)2:>y=22"':%=22xln2.2=22“’[n2

d)y=x2" = % =x25Im2.2x+ 25 =25 (2’ 2+ 1)

Gy |
e)y:gr“"-’:_y=e(r+t )(1+5851)
dx f
f) y= eFH-S\_? Jz : ﬂ= e(f‘}-i\;?)z i(}_’_ 5x2 )_5.10x= e\.'1+5x2 sx

dx 2 VI+5x?
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Logarithm functions: If w is any differentiable function of x, then:

1 du d 1
a —
u

d —_ -
8) El"g"“‘ u.na’ dx

Example 9: Find % for the following functions:

a) y=log,e" b) y=log.(x+1)’
c) y=;’0g‘,(3,\c2+I)j d) y—[ln(x +2) r

(2x 4)3 (2x° +3)"
(7x*+4x-3)°

e) y+in(xy)=1 Ny=

Solution.

Ine _ 1
Inl0  Inl0
dy _ 2

dx (x+1)In5

d 3 6x _ 18x

dx  3x?+1'In2 " (3x7+1)in2

48x|m(x +2)f
x’+2

dy 1 1 dy Gﬂd—y—— ¥y

e) y+tinx+lny=1=>—+—+—
dx x ydlx dx x(y+1)

f) Iny:—ln(2x3—4)+§!n(2x +3)=-2In(7x’ +4x-3)
:>1 dy 2 6x° 5 4x _2 2Ix* + 4
¥y dx 3 2x° —4 272x°+3 7x’ +4x-3
dy 2x’ 5x 2Ix° +4
=2y 3 + 2 N
dx 2x' =4 2x°+3 7x +4x-3

Y
I - logne=

b) y= lags(x+1) =2log,(x+1)=

a) y=log,,e* = y=xlog,,e=

c)y= 3log2(3x +1)=>

a2 _3[21n(x +2)f +2.21«:

I—1
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Trigonometric functions : If u is any differentiable function of x , then:

9) d—smu = cosu. g;;
10) Ecosu = —sin udﬁ
11) tanu = sec’u. dxu

12) —cotu = —csc’u. g
13) %secu = secu.tanu. gx“
14) Ecscu = —cscu.cotu. g;‘

Example 10: Find % for the following functions:

a) y=tan(3x’) b) y=(csex + cotx)’
c) y=23£n%—xCos% d) y=tan’(cosx)
e) x+ tan(xy)=10 f) y=sec’x—tan’ x

Solution.

d
a) Ey=sec"(j'xz).fix=6x.secz(3x2)

d
b) v _ 2(csc x + cot x )(—csc x.cot x — csc’ x ) =—2cscx.(cscx + cot x )°

W pepsX 1 _ [ Lox ) 1 1]_1 . X
c)dx 2c0€2 2 x( smz).2+c052 _Z'sz

d) % = 2.tan(cosx).sec’ (cosx).(—sinx ) =—2.sinx.tan(cosx).sec’ (cosx)
dy I+y.sec2(xy)_ cos’(xy)+y

dy
I+sed (xy)(x—-+y)=0=>—"= B
e) I+sec (xy).(x-+y) dx x.sec’ (xy) o

d
f) Ey =4sec’ x.secx.tanx— 4.tan’ x.sec’ x=4tanx.sec x



