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OBJECTIVE 1 Know the Names of the Conics (p.632)

1 Know the Names of the Conics

The word conic derives from the word cone, which is a geometric figure that can be
constructed in the following way: Let @ and g be two distinct lines that intersect at a
point V. Keep the line a fixed. Now rotate the line g about a while maintaining the
same angle between a and g. The collection of points swept out (generated) by the
line g is called a (right circular) cone. See Figure 1. The fixed line a is called the axis
of the cone; the point V is its vertex; the lines that pass through V and make the same
angle with a as g are generators of the cone. Each generator is a line that lies entirely on
the cone. The cone consists of two parts, called nappes, that intersect at the vertex.

Figure 1 Axis, a

Conics, an abbreviation for conic sections, are curves that result from the intersection
of a right circular cone and a plane. The conics we shall study arise when the plane
does not contain the vertex, as shown in Figure 2. These conics are circles when the
plane is perpendicular to the axis of the cone and intersects each generator; ellipses
when the plane is tilted slightly so that it intersects each generator, but intersects
only one nappe of the cone; parabolas when the plane is tilted farther so that it is
parallel to one (and only one) generator and intersects only one nappe of the cone;
and hyperbolas when the plane intersects both nappes.

If the plane does contain the vertex, the intersection of the plane and the cone is a
point, a line, or a pair of intersecting lines. These are usually called degenerate conics.

Figure 2 Axis Axis Axis Axis
i
v v ' 7™ Generator

(a) Circle (b) Ellipse (c) Parabola (d) Hyperbola

Conic sections are used in modeling many different applications. For example
parabolas are used in describing satellite dishes and telescopes (see Figures 14 and
15 on page 638). Ellipses are used to model the orbits of planets and whispering
chambers (see pages 648-649). And hyperbolas are used to locate lightning strikes
and model nuclear cooling towers (see Problems 76 and 77 in Section 10.4).



Figure 3

Figure 4

10.2 The Parabola

PREPARING FOR THIS SECTION Before geiting started, review the following:

e Distance Formula (Section 1.1, p. 3) e Completing the Square (Appendix A,
e Symmetry (Section 1.2, pp. 12-14) Section A.3, pp. A29-A30)
Square Root Method (Appendix A, Section A.6, e Graphing Techniques: Transformations (Section 2.5,
p.- A48) pp- 90-99)
\

DEFINITION

diF.P) ,*

Directrix D

D:x=—a

X Y)
d(F, P)

. Now Work the ‘Are You Prepared?’ problems on page 639.
OBJECTIVES 1 Analyze Parabolas with Vertex at the Origin (p.633)
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2 Analyze Parabolas with Vertex at (h, k) (p.636)
3 Solve Applied Problems Involving Parabolas (p.638)

We stated earlier (Section 3.3) that the graph of a quadratic function is a parabola.
In this section, we give a geometric definition of a parabola and use it to obtain an
equation.

A parabola is the collection of all points P in the plane that are the same
distance d from a fixed point F as they are from a fixed line D. The point F'is
called the focus of the parabola, and the line D is its directrix. As a result, a
parabola is the set of points P for which

d(F,P) = d(P, D) 1)

_J

Figure 3 shows a parabola (in blue). The line through the focus F and
perpendicular to the directrix D is called the axis of symmetry of the parabola. The
point of intersection of the parabola with its axis of symmetry is called the vertex V.

Because the vertex V lies on the parabola, it must satisfy equation (1):
d(F,V) = d(V, D). The vertex is midway between the focus and the directrix. We
shall let a equal the distance d(F, V') from F to V. Now we are ready to derive an
equation for a parabola. To do this, we use a rectangular system of coordinates
positioned so that the vertex V, focus F, and directrix D of the parabola are conveniently
located.

Analyze Parabolas with Vertex at the Origin

If we choose to locate the vertex V at the origin (0, 0), we can conveniently position
the focus F on either the x-axis or the y-axis. First, consider the case where the
focus F is on the positive x-axis, as shown in Figure 4. Because the distance from F
to V'is a, the coordinates of F will be (a, 0) with @ > 0. Similarly, because the distance
from V to the directrix D is also a and, because D must be perpendicular to the
x-axis (since the x-axis is the axis of symmetry), the equation of the directrix D must
be x = —a.
Now, if P = (x, y) is any point on the parabola, P must obey equation (1):

d(F,P) = d(P, D)

So we have

\/(x - a)z + (y — 0)2 = |x + a| Use the Distance Formula.
(x — a)2 + y2 =(x + a)2 Square both sides.
xt = 2ax + a* + y> = x> + 2ax + &® Remove parentheses.

y? = dax Simplify.
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Equation of a Parabola: Vertex at (0, 0), Focus at (a,0),a > 0

The equation of a parabola with vertex at (0, 0), focus at (g, 0), and directrix
x = —a,a > 0,1s

y? = 4ax Q?)

_J

Recall that a is the distance from the vertex to the focus of a parabola. When
graphing the parabola y*> = 4ax it is helpful to determine the “opening” by finding
the points that lie directly above or below the focus (a, 0). This is done by letting
x = ain y* = 4ax, so y* = 4a(a) = 4a%, or y = +2a. The line segment joining the
two points, (a, 2a) and (a, —2a), is called the latus rectum; its length is 4a.

( EXAMPLE 1 |

Solution
Figure 5
D:x=-3 VY
\
{3: 6)
Latus
rectum
1 1 1 1 1 1 1
-6 0oL F=@30 6%

@ COMMENT To

graph the

(3, —6)

\

parabola

y? = 12xdiscussed in Example 1, we need
to graph the two functions Y; = V12x
and Y, = —V12x. Do this and compare
what you see with Figure D.

Finding the Equation of a Parabola and Graphing It

Find an equation of the parabola with vertex at (0, 0) and focus at (3, 0). Graph the
equation.

The distance from the vertex (0, 0) to the focus (3, 0) isa = 3. Based on equation (2),
the equation of this parabola is
y? = dax
Yy =12x 2-=15
To graph this parabola, we find the two points that determine the latus rectum by
letting x = 3. Then
y? = 12x = 12(3) = 36
y = 16 Solve for y.

The points (3,6) and (3, —6) determine the latus rectum. These points help in
graphing the parabola because they determine the “opening.” See Figure 5. .J
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By reversing the steps used to obtain equation (2), it follows that the graph of an
equation of the form of equation (2), y* = 4ax, is a parabola; its vertex is at (0, 0),
its focus is at (a,0), its directrix is the line x = —a, and its axis of symmetry is
the x-axis.

For the remainder of this section, the direction “Analyze the equation” will
mean to find the vertex, focus, and directrix of the parabola and graph it.

( EXAMPLE 2 |

Figure 6
D:x= -2
L Y
51 /
B (2,4)
B Latus rectum
L1 | v F|: (|2 OI) X
-5 (0,0) 5
L N2 —4)
SN\
Y

Analyzing the Equation of a Parabola

Analyze the equation: > = 8x

Solution The equation y* = 8x is of the form y*> = 4ax, where 4a = 8,50 a = 2.
Consequently, the graph of the equation is a parabola with vertex at (0,0) and
focus on the positive x-axis at (a,0) = (2,0). The directrix is the vertical line
x = —2. The two points that determine the latus rectum are obtained by letting
x = 2. Then y* = 16, s0 y = +4. The points (2,—4) and (2, 4) determine the latus
rectum. See Figure 6 for the graph. .J
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Recall that we obtained equation (2) after placing the focus on the positive
x-axis. If the focus is placed on the negative x-axis, positive y-axis, or negative y-axis,
a different form of the equation for the parabola results. The four forms of the
equation of a parabola with vertex at (0, 0) and focus on a coordinate axis a distance a
from (0, 0) are given in Table 1, and their graphs are given in Figure 7. Notice that
each graph is symmetric with respect to its axis of symmetry.

Table 1 Equations of a Parabola: Vertex at (0, 0); Focus on an Axis;a > 0
Vertex Focus Directrix Equation Description
0,0) (a,0) X=—a y? = 4dax Axis of symmetry is the x-axis, opens right
(0,0) (—a,0) X=a y? = —4ax Axis of symmetry is the x-axis, opens left
(0,0) (0,a) y=—a X2 = 4ay Axis of symmetry is the y-axis, opens up
(0,0) 0, —a) y=a x* = —4ay Axis of symmetry is the y-axis, opens down
Figure 7
D:x=—a D:x=a
Y Y Y y
F=1(0, a) Dy =a
®
v F=(-a0) v \ / v

@@ v’

= dax

¢ X X X
D:y=-a
o

F=(0,-a)

(b) y° = —dax (¢) x° =4aay (d) x° = —day

( EXAMPLE 3 |

Figure 8

o<

Solution

vr

6 GoF L6 ¥
N 6, -3
(-6,-3) TF=(0,-3 &

Analyzing the Equation of a Parabola

Analyze the equation: x> = —12y

The equation x> = —12y is of the form x*> = —4ay, with a = 3. Consequently, the
graph of the equation is a parabola with vertex at (0, 0), focus at (0, —3), and directrix
the line y = 3. The parabola opens down, and its axis of symmetry is the y-axis. To
obtain the points defining the latus rectum, let y = —3. Then x> = 36, so x = +6.
The points (—6,-3) and (6, -3) determine the latus rectum. See Figure 8 for the

graph. .J
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( EXAMPLE 4 |

Figure 9

Finding the Equation of a Parabola

Find the equation of the parabola with focus at (0, 4) and directrix the line y = —4.
Graph the equation.

Solution A parabola whose focus is at (0,4) and whose directrix is the
horizontal line y = —4 will have its vertex at (0, 0). (Do you see why? The vertex
is midway between the focus and the directrix.) Since the focus is on the positive
y-axis at (0, 4), the equation of this parabola is of the form x> = 4ay, with a = 4;
that is,

x? = day = 4(4)y = 16y
T

a=4
The points (8,4) and (-8,4) determine the latus rectum. Figure 9 shows the graph of

x? = 16y. .J
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( EXAMPLE 5 |

Figure 10

Solution

Table 2

Finding the Equation of a Parabola
Find the equation of a parabola with vertex at (0, 0) if its axis of symmetry is the

1
x-axis and its graph contains the point <—2, 2>. Find its focus and directrix, and
graph the equation.

The vertex is at the origin, the axis of symmetry is the x-axis, and the graph contains
a point in the second quadrant, so the parabola opens to the left. We see from Table 1

that the form of the equation is
y? = —dax

1 1
Because the point (— 5 2) is on the parabola, the coordinates x = — Y= 2 must

satisfy y> = —4ax. Substituting x = — > and y = 2 into this equation, we find

1 ; 1
—4da| —— y’:*4ax;x:*g,y:2

4
2

a=72
The equation of the parabola is
y?> = —4(2)x = —8x

The focus is at (—2,0) and the directrix is the line x = 2. Let x = —2. Then
y? = 16, s0 y = +4. The points (—2,4) and (—2, —4) determine the latus rectum.
See Figure 10. .J
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Analyze Parabolas with Vertex at (h, k)

If a parabola with vertex at the origin and axis of symmetry along a coordinate axis
is shifted horizontally 4 units and then vertically k units, the result is a parabola with
vertex at (&, k) and axis of symmetry parallel to a coordinate axis. The equations of
such parabolas have the same forms as those in Table 1, but with x replaced by
x — h (the horizontal shift) and y replaced by y — k (the vertical shift). Table 2
gives the forms of the equations of such parabolas. Figures 11(a)-(d) on page 637,
illustrate the graphs for # > 0, k > 0.

COMMENT It is not recommended that Table 2 be memorized. Rather use the ideas
of transformations (shift horizontally h units, vertically k units) along with the fact that a
represents the distance from the vertex to the focus to determine the various components of a
parabola. It is also helpful to remember that parabolas of the form “x = " will open up or down,
while parabolas of the form “y2 =" will open left or right. ]

Equations of a Parabola: Vertex at (h, k); Axis of Symmetry Parallel to a Coordinate Axis;a > 0
Vertex Focus Directrix Equation Description
(h, k) (h + a, k) xX=h—a (y — k? = 4a(x — h) Axis of symmetry is parallel to the x-axis,
opens right
(h, k) (h — a, k) xX=h+a (v — k? = —4alx — h) Axis of symmetry is parallel to the x-axis,
opens left
(h, k) (h,k + a) y=k—a (x — h)? = 4aly — k) Axis of symmetry is parallel to the y-axis,
opens up
(h, k) (h,k — a) y=k+a (x — h)? = —4aly — k) Axis of symmetry is parallel to the y-axis,
opens down




Figure 11

yy Dix=h-a

Axis of

symmetry V=(hk

y=k /
=(h+a k

=

b\

@ (v—k*=4a(x—h
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Axis of Axis of
symmetry symmetry
X=h x=h
D x— y F=(hk+a) 4 e m—
1% x=h+a }

—
D:y=k+a
Axis of

e - \V/

symmetry [V = (h, k) V=(h,
(h, k) //‘“\\

Fz(h—a,ky - / \X
X
/ w D:y=k=-a .
F=(h k- a)
(b) (y— k= —da(x— h) (€) (x—h?=4daly—k (d) (x— h?=—daly— K

( EXAMPLE 6 |

Solution
Figure 12
D:x=-4
A y
8
0,7)
i Axis of
symmetry
V= (I 2,3)[ y=3

\ 1F=1(0,3)

Finding the Equation of a Parabola, Vertex Not at the Origin

Find an equation of the parabola with vertex at (=2, 3) and focus at (0, 3). Graph
the equation.

The vertex (—2, 3) and focus (0, 3) both lie on the horizontal line y = 3 (the axis of
symmetry). The distance a from the vertex (—2,3) to the focus (0,3) is a = 2.
Also, because the focus lies to the right of the vertex, the parabola opens to the
right. Consequently, the form of the equation is

(y — k)? = 4a(x — h)
where (h, k) = (=2, 3) and a = 2. Therefore, the equation is

(y =3 =4-2[x - (-2)]
(y —3)=8(x +2)
To find the points that define the latus rectum, let x = 0, so that (y — 3)? = 16.

Theny — 3 = +4,s0y = —1lor y = 7. The points (0, —1) and (0, 7) determine the
latus rectum; the line x = —4 is the directrix. See Figure 12. .J

ems==— oW WorK rroBLEM 29

Polynomial equations define parabolas whenever they involve two variables
that are quadratic in one variable and linear in the other.

( EXAMPLE 7 |

Solution
Figure 13
Axis of
symmetry, Y
X= -2 4+
F=(-2,0) F
(74*0\ |( |) L0
- 0.0 4 %
V= (-2 -1
h gl Diy=-2"

Analyzing the Equation of a Parabola
Analyze the equation: x> + 4x — 4y = 0

To analyze the equation x> + 4x — 4y = 0, complete the square involving the
variable x.

x2+4x—4y=0
¥+ 4x = 4y

¥+ 4x +4 =4y +4
(x +2)? =4(y + 1)

Isolate the terms involving x on the left side.
Complete the square on the left side.

Factor.
This equation is of the form (x — h)? = da(y — k), with h = =2,k = —1, and

a = 1. The graph is a parabola with vertex at (h, k) = (=2, —1) that opens up. The
focus is at (—2, 0), and the directrix is the line y = —2. See Figure 13. .J

e NoW WOPK rProBLEM 47
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3

Solve Applied Problems Involving Parabolas

@  Parabolas find their way into many applications. For example, as discussed in

5 Section 3.4, suspension bridges have cables in the shape of a parabola. Another

property of parabolas that is used in applications is their reflecting property.

Suppose that a mirror is shaped like a paraboloid of revolution, a surface
formed by rotating a parabola about its axis of symmetry. If a light (or any other
emitting source) is placed at the focus of the parabola, all the rays emanating from
the light will reflect off the mirror in lines parallel to the axis of symmetry. This
principle is used in the design of searchlights, flashlights, certain automobile
headlights, and other such devices. See Figure 14.

Conversely, suppose that rays of light (or other signals) emanate from a distant
source so that they are essentially parallel. When these rays strike the surface of
a parabolic mirror whose axis of symmetry is parallel to these rays, they are
reflected to a single point at the focus. This principle is used in the design of some
solar energy devices, satellite dishes, and the mirrors used in some types of
telescopes. See Figure 15.

Figure 14 Figure 15
Searchlight Telescope

Light at
focus

( EXAMPLE 8 |

Solution

Figure 16

Satellite Dish

A satellite dish is shaped like a paraboloid of revolution. The signals that emanate
from a satellite strike the surface of the dish and are reflected to a single point,
where the receiver is located. If the dish is 8 feet across at its opening and 3 feet
deep at its center, at what position should the receiver be placed? That is, where is
the focus?

Figure 16(a) shows the satellite dish. Draw the parabola used to form the dish on a
rectangular coordinate system so that the vertex of the parabola is at the origin and
its focus is on the positive y-axis. See Figure 16(b).

(a) (b)
The form of the equation of the parabola is

x? = 4ay
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and its focus is at (0, a). Since (4, 3

~—

is a point on the graph, we have

4 =

~

a(3) x2 =4day,x=4y=23

a = Solve for a.

(SR

1
The receiver should be located 15 feet (1 foot, 4 inches) from the base of the dish,
along its axis of symmetry. .J
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10.2 Assess Your Understanding

‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The formula for the distance d from P; = (xy,y;) to 4. The point that is symmetric with respect to the x-axis to the
Py = (x5, y,)isd = .(p.3) point (=2,5)is _____.(pp.12-14)

2. To complete the square of x> — 4x,add  .(pp.A29-A30) 5. To graph y = (x — 3)% + 1, shift the graph of y = x” to the

3. Use the Square Root Method to find the real solutions of right  unitsandthen  Tunit. (pp.90-99)

(x + 4)% = 9. (p. A48)

Concepts and Vocabulary

6. A(n) is the collection of all points in the plane such that the distance from each point to a fixed point equals its
distance to a fixed line.

Answer Problems 7-10 using the figure.

7. If a > 0, the equation of the parabola is of the form y
(a) (v = k)* = da(x — h)

(b) (y = k)> = —da(x = h)
(©) (x = h)’ = da(y — k) \/
(@) (x = h)* = —da(y — k)

8. The coordinates of the vertex are

9. If a = 4, then the coordinates of the focus are

D
10. If a = 4, then the equation of the directrix is
Skill Building
In Problems 11-18, the graph of a parabola is given. Match each graph to its equation.
(A) y? = 4x (©) y* = —4x (B) (y — 1 =4(x - 1) (G) (y —1)° = —4(x —
(B) x> =4y (D) x* = —4y (F) (x +17 =4(y+1) H) (x + 1) = —4(y + 1)
11. y 12. y 13. y 14. y
2+ ‘3\ 2
@1) 2r
- i - o(1.1)
. . L a(1) R T
-2 2 X [ [ -2 2 X -2 I_ 2 X
i -2 /2 x B (-2, -1)
_ol- —)/ _oL —2|—

15. y 16. y 17. y 18. y
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In Problems 19-36, find the equation of the parabola described. Find the two points that define the latus rectum, and graph the equation.

\ 19.
21.

23.

25.

/

/

29.

31.

33.

3s.

Focus at (4, 0); vertex at (0, 0)
Focus at (0, —3); vertex at (0, 0)

Focus at (—2, 0); directrix the line x = 2

1
Directrix the line y = — > vertex at (0, 0)

. Vertex at (0, 0); axis of symmetry the y-axis; containing the

point (2, 3)

Vertex at (2, —3); focus at (2, —5)
Vertex at (—1, —2); focus at (0, —2)
Focus at (—3, 4); directrix the line y = 2

Focus at (=3, —2); directrix the line x = 1

20.

22,

24.

26.

28.

30.

32.

34.

36.

Focus at (0, 2); vertex at (0, 0)

Focus at (—4, 0); vertex at (0, 0)

Focus at (0, —1); directrix the line y = 1
Directrix the line x = — %; vertex at (0, 0)

Vertex at (0, 0); axis of symmetry the x-axis; containing the
point (2, 3)

Vertex at (4, —2); focus at (6, —2)
Vertex at (3, 0); focus at (3, —2)
Focus at (2, 4); directrix the line x = —4

Focus at (—4, 4); directrix the line y = —2

In Problems 37-54, find the vertex, focus, and directrix of each parabola. Graph the equation.

37.

41.

22 =4y 38. y? = 8x

(y =22 =8(x+1) 2. (x +4)? =16(y + 2)

\\ 39.

43.

y2 = —16x 40. x* = —4y

(x —32=—-(y+1) L (y+ 1) = —4(x - 2)

45. (y + 3)* = 8(x — 2) 46. (x —2)* = 4(y — 3) NA7 Yy =4y +4x +4=0 48. x> +6x—4y+1=0
49. x> + 8x =4y — 8 50. > — 2y =8x — 1 51 y» +2y —x=0 52. x> — 4x =2y
53. 0 —4x=y+4 54,y + 12y = —x + 1
In Problems 55-62, write an equation for each parabola.
55. y 56. y 57. y 58. y
(1.2)
2r _*1,2 2 2r 2r
(0,1) ¢ - (2,1) -
2.1)
L ! L L L ! \l ! |(2’ OV
-2 \X -2 / 2 \X -2 /ft 0 X _2\</§ X
- - B ©, -1
2+ —2F —2+ —2+
59. y 60. y 61. y 62. y
v;/zjz) : gl [
) 0,1
(0,1) 0 Dor 0D
0,1) \(1, Ol)
| | | | | | | | | | | | |
-2 2 X -2 \'/ 2 X (~2,0) 2 X -2 2 X
L \\ /
(1,-1) —
—2r -2 —2+ —2r
Applications and Extensions
"\ 63. Satellite Dish A satellite dish is shaped like a paraboloid of =~ 64. Constructing a TV Dish A cable TV receiving dish is in the

revolution. The signals that emanate from a satellite strike
the surface of the dish and are reflected to a single point,
where the receiver is located. If the dish is 10 feet across at its
opening and 4 feet deep at its center, at what position should
the receiver be placed?

65.

shape of a paraboloid of revolution. Find the location of the
receiver, which is placed at the focus, if the dish is 6 feet
across at its opening and 2 feet deep.

Constructing a Flashlight The reflector of a flashlight is in
the shape of a paraboloid of revolution. Its diameter is 4 inches



66.

67.

68.

69.

70.

71.

72.

73.

and its depth is 1 inch. How far from the vertex should the
light bulb be placed so that the rays will be reflected parallel
to the axis?

Constructing a Headlight A sealed-beam headlight is in
the shape of a paraboloid of revolution. The bulb, which is
placed at the focus, is 1 inch from the vertex. If the depth is
to be 2 inches, what is the diameter of the headlight at its
opening?

Suspension Bridge The cables of a suspension bridge are in
the shape of a parabola, as shown in the figure. The towers
supporting the cable are 600 feet apart and 80 feet high. If
the cables touch the road surface midway between the towers,
what is the height of the cable from the road at a point 150 feet
from the center of the bridge?

80 ft

| 150 ft i
! 600 ft !

Suspension Bridge The cables of a suspension bridge are in
the shape of a parabola. The towers supporting the cable are
400 feet apart and 100 feet high. If the cables are at a height of
10 feet midway between the towers, what is the height of the
cable at a point 50 feet from the center of the bridge?

Searchlight A searchlight is shaped like a paraboloid of
revolution. If the light source is located 2 feet from the base
along the axis of symmetry and the opening is 5 feet across,
how deep should the searchlight be?

Searchlight A searchlight is shaped like a paraboloid of
revolution. If the light source is located 2 feet from the base
along the axis of symmetry and the depth of the searchlight
is 4 feet, what should the width of the opening be?

Solar Heat A mirror is shaped like a paraboloid of revolution
and will be used to concentrate the rays of the sun at its
focus, creating a heat source. See the figure. If the mirror is
20 feet across at its opening and is 6 feet deep, where will the
heat source be concentrated?

Sun’s
rays 20"

Reflecting Telescope A reflecting telescope contains a
mirror shaped like a paraboloid of revolution. If the mirror is
4 inches across at its opening and is 3 inches deep, where will
the collected light be concentrated?

Parabolic Arch Bridge A bridge is built in the shape of
a parabolic arch. The bridge has a span of 120 feet and a
maximum height of 25 feet. See the illustration. Choose a

‘Are You Prepared?’ Answers

74.

75.

76.

1.

78.

79.
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suitable rectangular coordinate system and find the height of
the arch at distances of 10, 30, and 50 feet from the center.

oo

120 ft

Parabolic Arch Bridge A bridge is to be built in the shape
of a parabolic arch and is to have a span of 100 feet. The
height of the arch a distance of 40 feet from the center is to
be 10 feet. Find the height of the arch at its center.

Gateway Arch The Gateway Arch in St. Louis is often
mistaken to be parabolic in shape. In fact, it is a catenary,
which has a more complicated formula than a parabola. The
Arch is 625 feet high and 598 feet wide at its base.

(a) Find the equation of a parabola with the same dimensions.
Let x equal the horizontal distance from the center of
the arc.

(b) The table below gives the height of the Arch at various
widths; find the corresponding heights for the parabola
found in (a).

Width (ft) Height (ft)
567 100
478 3125
308 525

(c) Do the data support the notion that the Arch is in the
shape of a parabola?
Source: Wikipedia, the free encyclopedia

Show that an equation of the form

A+ Ey=0, A#0,E#0
is the equation of a parabola with vertex at (0, 0) and axis of
symmetry the y-axis. Find its focus and directrix.
Show that an equation of the form

Cy+Dx=0, C#0,D#0
is the equation of a parabola with vertex at (0, 0) and axis of
symmetry the x-axis. Find its focus and directrix.
Show that the graph of an equation of the form

AX*+ Dx+ Ey+F=0, A#0

(a) Is a parabolaif E # 0.
(b) Is a vertical line if E = 0 and D> — 4AF = 0.

(c) Istwo vertical lines if £ = 0 and D> — 4AF > 0.
(d) Contains no points if £ = 0 and D*> — 4AF < 0.

Show that the graph of an equation of the form
Cy¥+Dx+Ey+F=0, C#0

(a) Is a parabola if D # 0.

(b) Ts a horizontal line if D = 0 and E> — 4CF = 0.

(c) Ts two horizontal lines if D = 0 and E? — 4CF > 0.
(d) Contains no points if D = 0 and E? — 4CF < 0.

1.

\/(xz = x)° + (2 = ») 2.4

3ox +4=43{-7 -1}

4. (=2,-5) 5. 3;up
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\

Figure 17

Minor axis

10.3 The Ellipse

PREPARING FOR THIS SECTION Before geiting started, review the following:

Distance Formula (Section 1.1, p. 3) e Symmetry (Section 1.2, pp. 12-14)
Completing the Square (Appendix A, Section A.3, e Circles (Section 1.4, pp. 34-37)
pp- A29-A30) e Graphing Techniques: Transformations

Intercepts (Section 1.2, pp. 11-12) (Section 2.5, pp. 90-99)

Now Work the ‘Are You Prepared?’ problems on page 649.
OBJECTIVES 1 Analyze Ellipses with Center at the Origin (p.642)

DEFINITION

Figure 18

2 Analyze Ellipses with Center at (h, k) (p.646)
3 Solve Applied Problems Involving Ellipses (p.648)

An ellipse is the collection of all points in the plane, the sum of whose distances
from two fixed points, called the foci, is a constant. ]

The definition contains within it a physical means for drawing an ellipse. Find a
piece of string (the length of this string is the constant referred to in the definition).
Then take two thumbtacks (the foci) and stick them into a piece of cardboard so
that the distance between them is less than the length of the string. Now attach the ends
of the string to the thumbtacks and, using the point of a pencil, pull the string taut. See
Figure 17. Keeping the string taut, rotate the pencil around the two thumbtacks. The
pencil traces out an ellipse, as shown in Figure 17.

In Figure 17, the foci are labeled F and F,. The line containing the foci is
called the major axis. The midpoint of the line segment joining the foci is the center
of the ellipse. The line through the center and perpendicular to the major axis is the
minor axis.

The two points of intersection of the ellipse and the major axis are the vertices,
V1 and V,, of the ellipse. The distance from one vertex to the other is the length of
the major axis. The ellipse is symmetric with respect to its major axis, with respect to
its minor axis, and with respect to its center.

Analyze Ellipses with Center at the Origin

With these ideas in mind, we are ready to find the equation of an ellipse in a
rectangular coordinate system. First, place the center of the ellipse at the origin.
Second, position the ellipse so that its major axis coincides with a coordinate axis,
say the x-axis, as shown in Figure 18. If c is the distance from the center to a focus,
one focus will be at F; = (—¢, 0) and the other at F, = (c, 0). As we shall see, it is




Figure 19
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convenient to let 2a denote the constant distance referred to in the definition. Then,
it P = (x, y) is any point on the ellipse, we have

d(F,P) + d(F,,P) = 2a Sum of the distances from P
to the foci equals a constant, 2a.

\/(x +c)l+y + \/(x -’ +y =2 Use the Distance Formula.

THEOREM

\/(x +c)? +y*=2a —\/(x — ¢)* + ? lsolate one radical.

(x + C)2 + y2 = 44> — 4a (x — 6)2 + y2 Square both sides.
+(x =)+
x4 2cx + A+ y2 = 40> — 4a (x — 6)2 + y2 Remove parentheses.
+ X2 —2cx + S+ )y

dex — 4a® = —4a (x — 6)2 + y2 Simplify; isolate the radical.
cx —a = —a\/m Divide each side by 4.
(ex — az)z =a’[(x — ¢)* + y?] Square both sides again.
x? = 2dcx + a* = a*(x* — 2cx + &+ y?) Remove parentheses.
(62 - az)xz - a2y2 = a* — a* Rearrange the terms.
(a®> — A)x* + a*y?* = a*(a® — ) Multiply each side by —1;

factor a° on the right side. (1)

To obtain points on the ellipse off the x-axis, it must be that a > c. To see why,
look again at Figure 18. Then

d(F(,P) + d(Fy, P) > d(Fy, F) Thesum of the lengths of two sides of a triangle
is greater than the length of the third side.
2a > 2¢ d(F, P) + d(F,, P) = 2a, d(F,, F,) = 2¢

a>c

Sincea > ¢ > 0,wealsohavea® > ¢?,soa’> — ¢ > 0.Leth? = o> — %, b > 0.Then
a > b and equation (1) can be written as
P + a?y? = @?b?
2 2
% + % =1 Divide each side by a°b*.
As you can verify, the graph of this equation has symmetry with respect to the
Xx-axis, y-axis, and origin.
Because the major axis is the x-axis, we find the vertices of this ellipse by
2
letting y = 0. The vertices satisfy the equation % = 1, the solutions of which are
a
x = +a. Consequently, the vertices of this ellipse are V| = (—a,0) and V, = (a, 0).
The y-intercepts of the ellipse, found by letting x = 0, have coordinates (0, —b) and
(0, b). These four intercepts, (a,0), (—a, 0),(0, b), and (0, —b), are used to graph
the ellipse.

Equation of an Ellipse: Center at (0, 0); Major Axis along the x-Axis

An equation of the ellipse with center at (0, 0), foci at (—c, 0) and (¢, 0), and
vertices at (—a, 0) and (a, 0) is

[}

2
%+%=1, where a > b > 0and b*> = a> — ¢ 2)
a b

The major axis is the x-axis. See Figure 19. ]



644 CHAPTER10 Analytic Geometry

Notice in Figure 19 the right triangle formed by the points (0, 0), (¢, 0), and
(0, b). Because b* = a> — ¢? (or b* + ¢*> = a°), the distance from the focus at (c, 0)
to the point (0, b) is a.

This can be seen another way. Look at the two right triangles in Figure 19. They
are congruent. Do you see why? Because the sum of the distances from the foci to a
point on the ellipse is 24, it follows that the distance from (c, 0) to (0, b) is a.

[ EXAMPLE 1 ] Finding an Equation of an Ellipse

Find an equation of the ellipse with center at the origin, one focus at (3, 0), and a
vertex at (—4, 0). Graph the equation.

Solution  The ellipse has its center at the origin and, since the given focus and vertex lie on the
x-axis, the major axis is the x-axis. The distance from the center, (0, 0), to one of the

Fi 20

rgure , foci, (3,0), is ¢ = 3. The distance from the center, (0, 0), to one of the vertices,
x* RAp (—4,0),is a = 4. From equation (2), it follows that

16 7

P=ad-=16-9=7

so an equation of the ellipse is

2y
+-=1
1 7

(@)}

Figure 20 shows the graph.

o)

B In Figure 20, the intercepts of the equation are used to graph the ellipse. Following
-5r this practice will make it easier for you to obtain an accurate graph of an ellipse
when graphing.

el COMMENT The intercepts of the ellipse also provide information about how to set the
viewing rectangle for graphing an ellipse. To graph the ellipse
2
LY
e 7
discussed in Example 1, set the viewing rectangle using a square screen that includes the intercepts,
perhaps —4.5 = x = 45,-3 = y = 3. Then proceed to solve the equation for y:

2 2

L

16 7
% ><2 'S .
—=1—-—= Subtract — from each side.
7 16

x?
= 7(1 7 Multiply both sides by 7.

Figure 21

= +4/7 ( ) Take the square root of each side.

/”_\\\ Now graph the two functions
—45 4.5 x?
\\____// s e
16
\

Figure 21 shows the result. ]

w
=<
|
~
—_
[
|
=S
~—

o -Now Work rroBLEM 27
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An equation of the form of equation (2), with a> > b? is the equation of an
ellipse with center at the origin, foci on the x-axis at (—c,0) and (c, 0), where
¢> = @ — b, and major axis along the x-axis.

For the remainder of this section, the direction “Analyze the equation” will
mean to find the center, major axis, foci, and vertices of the ellipse and graph it.

( EXAMPLE 2 |

Solution
Figure 22
THEOREM
Figure 23
y
Vo= (0, a)
Fy= (0, c)
c a
(=b,0)
Vi=1(0,~a)

Analyzing the Equation of an Ellipse
2 2
y

Analyze th tion: ——+-—-=1
nalyze the equation 3 g

The given equation is of the form of equation (2), with ¢*> = 25 and b*> = 9. The
equation is that of an ellipse with center (0, 0) and major axis along the x-axis. The
vertices are at (£a,0) = (+5,0). Because b*> = a* — ¢, we find that

C=ad-bp=25-9=16

The foci are at (+¢, 0) = (£4,0). Figure 22 shows the graph.

o)

m -Now Work rproBLEM 17

If the major axis of an ellipse with center at (0, 0) lies on the y-axis, the foci are
at (0, —c) and (0, ¢). Using the same steps as before, the definition of an ellipse
leads to the following result:

Equation of an Ellipse: Center at (0, 0); Major Axis along the y-Axis

An equation of the ellipse with center at (0, 0), foci at (0, —c) and (0, ¢), and
vertices at (0, —a) and (0, a) is

2y
—+==1 where a > b > 0and b* = a* — ¢? A3
¥

The major axis is the y-axis. _J

Figure 23 illustrates the graph of such an ellipse. Again, notice the right triangle
formed by the points at (0, 0), (b, 0),and (0, ¢), so that a® = b*> + ¢ (or b* = a* — ¢?).

Look closely at equations (2) and (3). Although they may look alike, there is a
difference! In equation (2), the larger number, a?, is in the denominator of the
x%-term, so the major axis of the ellipse is along the x-axis. In equation (3), the larger
number, a?, is in the denominator of the y>-term, so the major axis is along the
y-axis.
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( EXAMPLE 3 |

Figure 24 Solution
y
3L Vp=(0,3)
F,=(0,2v2)
| | | |
—3 (=1,0) (1,00 3 x
Fi=(0.-2\2)
—3Ty=(0-3

Analyzing the Equation of an Ellipse
Analyze the equation: 9x* + y*> = 9
To put the equation in proper form, divide each side by 9.

Y,

9
The larger denominator, 9, is in the y’-term so, based on equation (3), this is the
equation of an ellipse with center at the origin and major axis along the y-axis.
Also, we conclude that > = 9,b%> = 1,and ¢* = a*> — b> = 9 — 1 = 8. The vertices
are at (0, +a) = (0, £3), and the foci are at (0, +=c) = (0, £2V/2). Figure 24 shows

the graph. .J

2+
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( EXAMPLE 4 |

Solution

Figure 25

Fo=1(0,2)

Finding an Equation of an Ellipse

Find an equation of the ellipse having one focus at (0,2) and vertices at (0, —3)
and (0, 3). Graph the equation.

By plotting the given focus and vertices, we find that the major axis is the y-axis.
Because the vertices are at (0, —3) and (0, 3), the center of this ellipse is at their
midpoint, the origin. The distance from the center, (0, 0), to the given focus, (0, 2), is
¢ = 2. The distance from the center, (0, 0), to one of the vertices, (0, 3), is a = 3.
Sob? =a* — ¢ =9 — 4 = 5. The form of the equation of this ellipse is given by
equation (3).

2 2
L
pr &

2 2
X y
—+—=1
5 9

Figure 25 shows the graph.

o)

e oW WOPK proBLEM 29

The circle may be considered a special kind of ellipse. To see why, let a = b in
equation (2) or (3). Then

2 2

X

L
a a
x2+y2_a2

This is the equation of a circle with center at the origin and radius a. The value of c is

c=a>-pr=0

)

a=b

We conclude that the closer the two foci of an ellipse are to the center, the more
the ellipse will look like a circle.

Analyze Ellipses with Center at (h, k)

If an ellipse with center at the origin and major axis coinciding with a coordinate axis is
shifted horizontally / units and then vertically & units, the result is an ellipse with center
at (h, k) and major axis parallel to a coordinate axis. The equations of such ellipses
have the same forms as those given in equations (2) and (3), except that x is replaced
by x — h (the horizontal shift) and y is replaced by y — k (the vertical shift). Table 3
gives the forms of the equations of such ellipses, and Figure 26 shows their graphs.



Table 3

COMMENT £ is hot recommended
that Table 3 be memorized. Rather, use
the ideas of transformations (shift
horizontally h units, vertically k units)
along with the fact that a represents
the distance from the center to the
vertices, ¢ represents the distance
from the center to the foci, and
b2 =2 — ?(orc® = a° — bP). ]

Figure 26
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Equations of an Ellipse: Center at (h, k); Major Axis Parallel to a Coordinate Axis

Center Major Axis Foci Vertices Equation
- hy? - k?
(x . . ly Ky
a b
(h — ¢k (h—ak a>b>0andb’®=a>—c

(h, k) Parallel to the x-axis (h + ¢ k) (h + a, k)

x—h?2 -k
b? a? -
(h,k — o) (h,k — a) a>b>0andb?=a>—-

(h, k) Parallel to the y-axis (h, k + ¢ (h, k + a)

’

Y Major axis
|
y (h k+a)
(h k+c)
¢
(h—c Kk

Major axis — — .4
(h-a. N %
(h k- 0)
. (h k—a),
I
(a) (,X,;/l),z + (!;/L)Z =1 (b) (2(:_/12 + <l:_k>_2 =1

b? a2

( EXAMPLE 5 |

Solution

Figure 27

2 (2, -3+242)

Finding an Equation of an Ellipse, Center Not at the Origin

Find an equation for the ellipse with center at (2, —3), one focus at (3, —3), and one
vertex at (5, —3). Graph the equation.

The center is at (h, k) = (2, —3),s0 h = 2 and k = —3. If we plot the center, focus,
and vertex, we notice that the points all lie on the line y = —3, so the major axis is
parallel to the x-axis. The distance from the center (2, —3) to a focus (3, —3) is
¢ = 1; the distance from the center (2, —3) to a vertex (5, —3) is @ = 3. Then
b* = a®> — ¢ =9 — 1 = 8. The form of the equation is

x — h)? - k)?
( )+Xy ) =1 whereh=2,k=-3,a=23,b=2V2

a> b?

- 2)? + 3)2
(x —2) N (y +3) _

9 8

To graph the equation, use the center (4, k) = (2, —3) to locate the vertices.
The major axis is parallel to the x-axis, so the vertices are a = 3 units left and right
of the center (2, —3). Therefore, the vertices are

Vi=(2-3-3)=(-1,-3) and V,=(2+3,-3)=(5-3)

Since ¢ = 1 and the major axis is parallel to the x-axis, the foci are 1 unit left and
right of the center. Therefore, the foci are

Fi=02-1,-3)=(1,-3) and F,=(2+1,-3)=(3,-3)
Finally, use the value of b = 22 to find the two points above and below the center.
(2.-3-2V2) and (2,-3 +2V2)

Figure 27 shows the graph. ._J

memmm— oW WOPK rProOBLEM 55
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Figure 28

[ EXAMPLE 6 ] Analyzing the Equation of an Ellipse

Analyze the equation: 4x* + y2 —8x +4y+4=0

Solution  Proceed to complete the squares in x and in y.

4 +yP —8x+4y+4=0

4x> — 8x + y2 +4y = —4 Group like variables; place the
constant on the right side.

4()62 - 2x) + (y2 +4y) = —4 Factor out 4 from the first two
terms.

4 =2x+ 1)+ (> + 4y + 4)

—4 + 4+ 4 Complete each square.

4(x — 1)2 + (y + 2)2 =4 Factor.
+2)?
(x — 1)2 + % =1 Divide each side by 4.

This is the equation of an ellipse with center at (1, —2) and major axis parallel to
the y-axis. Since a*> =4 and b*> =1, we have ¢ =a> — b* =4 — 1 = 3. The
vertices are at (h,k £ a) = (1,—-2 £ 2) or (1,—4) and (1,0). The foci are at
(h,k £ ¢)=(1,-2 £ V3) or (1,-2 — V3) and (1, -2 + V3). Figure 28 shows
the graph. .J

m -Now Work

3 Solve Applied Problems Involving Ellipses

Ellipses are found in many applications in science and engineering. For example, the
orbits of the planets around the Sun are elliptical, with the Sun’s position at a focus.
See Figure 29.

Figure 29

~
Mars
Venus®

° ®
» Earth

Asteroids

Stone and concrete bridges are often shaped as semielliptical arches. Elliptical
gears are used in machinery when a variable rate of motion is required.

Ellipses also have an interesting reflection property. If a source of light (or
sound) is placed at one focus, the waves transmitted by the source will reflect off the
ellipse and concentrate at the other focus. This is the principle behind whispering
galleries, which are rooms designed with elliptical ceilings. A person standing at one
focus of the ellipse can whisper and be heard by a person standing at the other focus,
because all the sound waves that reach the ceiling are reflected to the other person.

[ EXAMPLE 7 ] A Whispering Gallery

The whispering gallery in the Museum of Science and Industry in Chicago is 47.3 feet
long. The distance from the center of the room to the foci is 20.3 feet. Find an equation
that describes the shape of the room. How high is the room at its center?

Source: Chicago Museum of Science and Industry Web site; www.msichicago.org
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Solution  Set up a rectangular coordinate system so that the center of the ellipse is at the
origin and the major axis is along the x-axis. The equation of the ellipse is

[\S]
[

X yo
) b2

Since the length of the room is 47.3 feet, the distance from the center of the room to

47.3
each vertex (the end of the room) will be - " 23.65 feet; so a = 23.65 feet. The

o -

distance from the center of the room to each focus is ¢ = 20.3 feet. See Figure 30.
Since b* = a* — ¢, we find b? = 23.65% — 20.3> = 147.2325. An equation that
describes the shape of the room is given by

I mﬂf

$2 . y2 -
5 =
Figure 30 23.65 147.2325
1g L 0,12.1) The height of the room at its center is b = V147.2325 ~ 12.1 feet. .J
(—23.65,0) i (23.65, 0)
) I - \loW Work
25\ | f s x OW WOrPK proBLEM 71
(—20.3,0) (20.3, 0)

10.3 Assess Your Understanding

‘Are You Prepa red?” Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.
1. The distance d from P; = (2,—5) to P, = (4,-2) is 5. To graph y = (x + 1)> — 4, shift the graph of y = x° to the

d= .(p-3) (left/right) unit(s) and then (up/down) unit(s).
2. To complete the square of x> — 3x, add . (pp- A29-A30) (pp- 90-99)
3. Find the intercepts of the equation yz =16 — 412 (pp. 11-12) 6. Th; stzilnfjard equatlor; §f3a7c1rcle with center at (2, —3) and
4. The point that is symmetric with respect to the y-axis to the racius L1s - (pp- 34-37)
point (—2,5) is . (pp. 12-14)
Concepts and Vocabulary
7. A(n) is the collection of all points in the plane the 11. If the center of an ellipse is (2, —3), the major axis is parallel
sum of whose distances from two fixed points is a constant. to the x-axis, and the distance from the center of the
8. For an ellipse, the foci lie on a line called the axis. ellipse to its vertices is a = 4 units, then the coordinates of
2 2 the vertices are and

x . .
9. For the ellipse - + 2 o5 = 1, the vertices are the points 12. If the foci of an ellipse are (—4,4) and (6, 4) then the
coordinates of the center of the ellipse are

and
2y
10. For the ellipse > + 0} = 1, the value of a is , the
value of b is , and the major axis is the -axis.
Skill Building
In Problems 1316, the graph of an ellipse is given. Match each graph to its equation.
2 2 2 2 2
X Y Y X Y
A) 4y =1 B) x*+ =1 —+— 1 D) —+ —=1
A+ (B) @+ (©) D)+ 1
13. y 14. y 15. y 16. y
4+ 3r 3r
I AR T B A L L1 IC)I
—2 [ 2/ «x —4 ] 4 X -3 3 x -3 3X
S e & :
4 _3 —3F
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In Problems 17-26, find the vertices and foci of each ellipse. Graph each equation.

2 2 2 2 2 2 2
\17. Z+2L - 185+l 9.5+ 2 20,2+ =1
s Ty 9"y "9 25 " 16
2L 42 + 32 =16 22. x> + 9y =18 23. 4y + x> =8 24. 4y + 9x% = 36
25. x>+ y* =16 26. X2+ y> =4
In Problems 27-38, find an equation for each ellipse. Graph the equation.
\.27. Center at (0,0); focus at (3,0); vertexat (5,0) 28. Center at (0,0); focusat (—1,0); vertexat(3,0)
"\ 29. Center at (0,0); focusat (0, —4); vertexat (0,5) 30. Center at (0,0); focusat (0,1); vertexat (0, —2)
31. Fociat (£2,0); length of the major axis is 6 32. Fociat (0, £2); length of the major axis is 8
33. Focus at (—4,0); vertices at (5, 0) 34. Focus at (0, —4); vertices at (0, +8)
35. Foci at (0, £3); x-intercepts are +2 36. Vertices at (+4,0); y-intercepts are 1
37. Center at (0,0); vertexat (0,4); b=1 38. Vertices at (£5,0); ¢ =2
In Problems 39-42, write an equation for each ellipse.
39. y 40. y 41. y 42, y
— 3 - 3 — —
11 [ I I ’
( o = 0,1) 1D
| 1 >I | | | I/I\ | | | | | | O | | | | |
-3 | 3 X -3 o L 3 X -3 (1,0, 38X -3 | 3 X
-3k (-1, 1)~k -3k -3F

In Problems 43-54, analyze each equation; that is, find the center, foci, and vertices of each ellipse. Graph each equation.

(x =37 (y+1) (x+47 (y+2)

. + = . + = . 2 —4)? =
43 2 5 1 4, 5 1 45. (x + 5%+ 4(y — 42 =16
46. 9(x — 3)2 + (y + 2)> = 18 N7 2 +dx+47 -8y +4=0 48. > +32 — 12y +9=0
49.2x* + 3> = 8x + 6y +5=0 50. 4x> + 3y> + 8x — 6y =5 51. 9x% + 4y* — 18x + 16y — 11 =0
52. 32+ 9y + 6x — 18y + 9 =0 534X + Y2 +4y =0 54. 9x + > — 18x = 0

In Problems 55-64, find an equation for each ellipse. Graph the equation.

"\ 55. Center at (2, -2); vertexat (7, —2); focusat (4, —2) 56. Center at (—3,1); vertexat (—3,3); focusat (—3,0)
57. Vertices at (4,3) and (4,9); focus at (4, 8) 58. Fociat (1,2) and (—3,2); vertex at (—4,2)
59. Fociat (5,1) and (—=1,1); length of the major axis is 8 60. Vertices at (2,5) and (2, -1); ¢ =2

61. Center at (1,2); focus at (4,2); contains the point (1,3)  62. Center at (1,2); focus at (1,4); contains the point (2, 2)

63. Center at (1,2); vertex at (4,2); contains the point (1,5)  64. Center at (1,2); vertex at (1,4); contains the point

(1+ V3,3)

In Problems 65-68, graph each function. Be sure to label all the intercepts.
[Hint: Notice that each function is half an ellipse.]

65. f(x) =\/16 — 4x? 66. f(x) =\/9 — 9x? 67. f(x) = —\/64 — 16x* 68. f(x) = —\/4 — 4x?
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69. Semielliptical Arch Bridge An arch in the shape of the

70,

72

73

74

upper half of an ellipse is used to support a bridge that is to
span a river 20 meters wide. The center of the arch is 6 meters
above the center of the river. See the figure. Write an equation
for the ellipse in which the x-axis coincides with the water
level and the y-axis passes through the center of the arch.

. Semielliptical Arch Bridge The arch of a bridge is a
semiellipse with a horizontal major axis. The span is 30 feet,
and the top of the arch is 10 feet above the major axis. The
roadway is horizontal and is 2 feet above the top of the arch.
Find the vertical distance from the roadway to the arch at
5-foot intervals along the roadway.

. Whispering Gallery A hall 100 feet in length is to be
designed as a whispering gallery. If the foci are located
25 feet from the center, how high will the ceiling be at the
center?

. Whispering Gallery Jim, standing at one focus of a
whispering gallery, is 6 feet from the nearest wall. His friend
is standing at the other focus, 100 feet away. What is the
length of this whispering gallery? How high is its elliptical
ceiling at the center?

. Semielliptical Arch Bridge A bridge is built in the shape of
a semielliptical arch. The bridge has a span of 120 feet and a
maximum height of 25 feet. Choose a suitable rectangular
coordinate system and find the height of the arch at distances
of 10,30, and 50 feet from the center.

. Semielliptical Arch Bridge A bridge is to be built in the
shape of a semielliptical arch and is to have a span of

75.

76.

71.

78.

100 feet. The height of the arch, at a distance of 40 feet from
the center, is to be 10 feet. Find the height of the arch at its
center.

Racetrack Design Consult the figure. A racetrack is in the
shape of an ellipse, 100 feet long and 50 feet wide. What is the
width 10 feet from a vertex?

Semielliptical Arch Bridge An arch for a bridge over a
highway is in the form of half an ellipse. The top of the arch is
20 feet above the ground level (the major axis). The highway
has four lanes, each 12 feet wide; a center safety strip 8 feet
wide; and two side strips, each 4 feet wide. What should the
span of the bridge be (the length of its major axis) if the
height 28 feet from the center is to be 13 feet?

Installing a Vent Pipe A homeowner is putting in a fireplace
that has a 4-inch-radius vent pipe. He needs to cut an elliptical
hole in his roof to accommodate the pipe. If the pitch of his

.S . .
roof is —, (a rise of 5, run of 4) what are the dimensions of the
hole?
Source: www.doe.virginia.gov

Volume of a Football A football is in the shape of a prolate

spheroid, which is simply a solid obtained by rotating an

2y
ellipse | - + ==
P (a2 b?

football averages 11.125 inches in length and 28.25 inches in

= ) about its major axis. An inflated NFL

center circumference. If the volume of a prolate spheroid is
4
—arab®, how much air does the football contain? (Neglect

material thickness).
Source: www.answerbag.com

In Problems 79-82, use the fact that the orbit of a planet about the Sun is an ellipse, with
the Sun at one focus. The aphelion of a planet is its greatest distance from the Sun, and the :/ ]
perihelion is its shortest distance. The mean distance of a planet from the Sun is the length

of the semimajor axis of the elliptical orbit. See the illustration.

79

80.

81.

. Earth The mean distance of Earth from the Sun is
93 million miles. If the aphelion of Earth is 94.5 million miles,
what is the perihelion? Write an equation for the orbit of
Earth around the Sun.

Mars The mean distance of Mars from the Sun is
142 million miles. If the perihelion of Mars is 128.5 million
miles, what is the aphelion? Write an equation for the orbit
of Mars about the Sun.

Jupiter The aphelion of Jupiter is 507 million miles. If the
distance from the center of its elliptical orbit to the Sun is
23.2 million miles, what is the perihelion? What is the mean dis-
tance? Write an equation for the orbit of Jupiter around the Sun.

82.

83.

Mean distance

Aphelion PeaElion  ypajor

Xi
—@ ®) XS

Center
\_y

Pluto The perihelion of Pluto is 4551 million miles, and the
distance from the center of its elliptical orbit to the Sun is
897.5 million miles. Find the aphelion of Pluto. What is the
mean distance of Pluto from the Sun? Write an equation for
the orbit of Pluto about the Sun.

Show that an equation of the form

AX*+Cy¥*+F=0, A#0,C#0,F+#0

where A and C are of the same sign and F is of opposite sign,

(a) Is the equation of an ellipse with center at (0,0) if
A#C.

(b) Is the equation of a circle with center (0, 0) if A = C.
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84. Show that the graph of an equation of the form ) . D* E%?
(b) isapointif — + — — F = 0.
AP +CyP +Dx+Ey+F=0, A#0,C+#0 44 4C
2 2
where A and C are of the same sign, (c) contains no points if A + c F is of opposite sign
D E? to A.
(a) is an ellipse ifa + " F is the same sign as A.

Explaining Concepts: Discussion and Writing

85. The eccentricity e of an ellipse is defined as the number —, where a is the distance of a vertex from the center and c is the distance
a

of a focus from the center. Because a > c, it follows that e < 1. Write a brief paragraph about the general shape of each of the
following ellipses. Be sure to justify your conclusions.

(a) Eccentricity close to 0 (b) Eccentricity = 0.5 (c) Eccentricity close to 1

‘Are You Prepared?’ Answers

1. V13 2. % 3. (=2,0),(2,0), (0, —4), (0,4) 4. (2,5) 5. left; 1; down: 4 6. (x =22+ (y+3)?2=1

10.4 The Hyperbola ™\

PREPARING FOR THIS SECTION Before getting started, review the following:

e Distance Formula (Section 1.1, p. 3) e Asymptotes (Section 4.2, pp. 191-194)
e Completing the Square (Appendix A, Section A.3, e Graphing Techniques: Transformations (Section 2.5,
pp- A29-A30) pp- 90-99)
e Intercepts (Section 1.2, pp. 11-12) e Square Root Method (Appendix A, Section A.6,
_® Symmetry (Section 1.2, pp. 12-14) p. A48)
AN

\. Now Work the ‘Are You Prepared?’ problems on page 662.

OBJECTIVES 1 Analyze Hyperbolas with Center at the Origin (p.652)
2 Find the Asymptotes of a Hyperbola (p.657)
3 Analyze Hyperbolas with Center at (h, k) (p.659)
4 Solve Applied Problems Involving Hyperbolas (p.660)

DEFINITION A hyperbola is the collection of all points in the plane, the difference of whose

distances from two fixed points, called the foci, is a constant. J
Figure 31

Figure 31 illustrates a hyperbola with foci F; and F,. The line containing the
Conjugate foci is called the transverse axis. The midpoint of the line segment joining the foci is
s Transverse  the center of the hyperbola. The line through the center and perpendicular to the
transverse axis is the conjugate axis. The hyperbola consists of two separate curves,
called branches, that are symmetric with respect to the transverse axis, conjugate
axis, and center. The two points of intersection of the hyperbola and the transverse
axis are the vertices, V| and V,, of the hyperbola.

1 Analyze Hyperbolas with Center at the Origin

With these ideas in mind, we are now ready to find the equation of a hyperbola
in the rectangular coordinate system. First, place the center at the origin. Next,



Figure 32
d(F-l,P) - d(Fz,P) = +2a

Y
d(Fy, P)

Transverse
axis

SECTION 10.4 The Hyperbola 653

position the hyperbola so that its transverse axis coincides with a coordinate axis.
Suppose that the transverse axis coincides with the x-axis, as shown in Figure 32.

If ¢ is the distance from the center to a focus, one focus will be at F; = (—c¢, 0)
and the other at F, = (¢, 0). Now we let the constant difference of the distances
from any point P = (x, y) on the hyperbola to the foci F; and F, be denoted
by +2a. (If P is on the right branch, the + sign is used; if P is on the left branch,
the — sign is used.) The coordinates of P must satisfy the equation

d(Fy,P) — d(F,,P) = £2a Difference of the distances from
P to the foci equals +2a.

\/(x + C)Z + y2 - \/(x — C)Z + y2 = +2a Use the Distance Formula.

+2a +\/(x — c)® + y*  Isolate one radical.
(x + ¢)* + y* = 4ad® + da\/ (x — ¢)* + ? Square both sides.

-f—(x—c)2+y2

(x + )+ y*

Next we remove the parentheses.

4+ 2ex+ A+ y =4 £ 4a\/(x — )’ + Y+ ¥ —2cx + 2+ y?
dex — da* = +da\/ (x — C)2 + y2 Simplify; isolate the radical.
o2 Ry 2 . ‘
cx —a = +xa\/(x —c¢c)" +y Divide each side by 4.
(ex — a®)? = d(x — ¢)* + 2] Square both sides.

xt = 2ca’x + a* = d*(x* — 2cx + 2+ Y2 Simplify.,

A+ at = a’x + dP+ a2y2 Remove parentheses and simplify.
(62 - az)xz - azyz = a*c® - a* Rearrange terms.
(62 - az)xz - a2y2 = a2(62 - az) Factor a° on the right side. (1)

To obtain points on the hyperbola off the x-axis, it must be that a < c. To see
why, look again at Figure 32.

d(Fi,P) < d(F,, P) + d(Fy, Fy) Uscetriangle FFF..
d(Fi, P) — d(F,, P) < d(Fy, F3)

2a < 2c¢ Fis on the right branch, so
A(F, P) — d(Fo P) = 22
d(F, F») = 2.
a<c

Since a < ¢, we also have a®> < ¢%, so ¢ — a*> > 0. Let b*> = ¢ — a*, b > 0.
Then equation (1) can be written as

P — @y? = @b
2 2
X Y 2,2
— —==1 Divide each side by a“b”.
@
To find the vertices of the hyperbola defined by this equation, let y = 0.
2
. . . X . .
The vertices satisfy the equation — = 1, the solutions of which are x = +a.
a

Consequently, the vertices of the hyperbola are V| = (—a,0) and V, = (a,0).
Notice that the distance from the center (0, 0) to either vertex is a.
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Figure 33
v
a b

Vi=(-a0)
Transverse

THEOREM

Equation of a Hyperbola: Center at (0, 0); Transverse Axis along the x-Axis

An equation of the hyperbola with center at (0, 0), foci at (—c¢, 0) and (c, 0),
and vertices at (—a, 0) and (a, 0) is

2 2
X
— = % = 1 where b = 2 — &* 2)
a b
The transverse axis is the x-axis. _J

See Figure 33. As you can verify, the hyperbola defined by equation (2) is
symmetric with respect to the x-axis, y-axis, and origin. To find the y-intercepts, if

axis
Fi=(-c0) any, let x = 0 in equation (2). This results in the equation % = —1, which has no
real solution, so the hyperbola defined by equation (2) has no y-intercepts. In fact,
2 2 2
since % -1= % = 0, it follows that % = 1. There are no points on the graph for
a b a
—a <x<a.
[ EXAMPLE 1 ] Finding and Graphing an Equation of a Hyperbola
Find an equation of the hyperbola with center at the origin, one focus at (3, 0), and
one vertex at (—2, 0). Graph the equation.
Solution  The hyperbola has its center at the origin. Plot the center, focus, and vertex. Since
they all lie on the x-axis, the transverse axis coincides with the x-axis. One focus is
at (¢,0) = (3,0), so ¢ =3. One vertex is at (—a,0) = (=2,0), so a = 2.
From equation (2), it follows that b*> = ¢> — a®> = 9 — 4 = 5, 50 an equation of the
hyperbola is
2 2
L
4 5
To graph a hyperbola, it is helpful to locate and plot other points on the graph.
For example, to find the points above and below the foci, we let x = +3. Then
2 2
£y
4 5
+£3)7 )2
( 4) - yg =1 x = +£3
9 2
9 Y _,
Fi 34 43
igure
’ v s
5 4
25
2 _ =2
YTy
e
)

5 5
The points above and below the foci are (:t3, 2) and (:t3, —2). These points

determine the “opening” of the hyperbola. See Figure 34. ._J
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iray| 2 2
@ COMMENT To graph the hyperbola XZ - ‘yg = 1discussed in Example 1, we need to graph the two

X S )
4 Tand Y, = -V5 4 1. Do this and compare what you see with
Figure 4. ]

functions Y, = V5

e \loW WOPK ProBLEM 19

An equation of the form of equation (2) is the equation of a hyperbola with
center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where ¢ = a® + b% and
transverse axis along the x-axis.

For the next two examples, the direction “Analyze the equation” will mean to
find the center, transverse axis, vertices, and foci of the hyperbola and graph it.

[ EXAMPLE 2 ] Analyzing the Equation of a Hyperbola

=
[

2
Analyze the equation: — yZ =1

1

@)}

Solution  The given equation is of the form of equation (2), with a> = 16 and b> = 4. The
graph of the equation is a hyperbola with center at (0, 0) and transverse axis along
the x-axis. Also, we know that ¢ = ¢*> + b*> = 16 + 4 = 20. The vertices are at
(+a,0) = (+4,0), and the foci are at (+c, 0) = (+£2V/5,0).

To locate the points on the graph above and below the foci, we let x = +2V/5.

Then
2 2
R A
16 4
(£2V5) 2
Y ,
RS A AL
16 4 X = =x \/
Figure 35 20y,
16 4
y
V5. ! S_) 1
(-25,1) Z - ? =
| Vy=(-4,0) ;
y_1
4 4
= +1
(25, -1) \ Y
The points above and below the foci are (+£2V5,1) and (+2V5,—1). See

Figure 35. .J

THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis along the y-Axis

An equation of the hyperbola with center at (0, 0), foci at (0, —¢) and (0, ¢),
and vertices at (0, —a) and (0, a) is

S

y2
= —"5=1,  whereb® = ¢ - & 3)
a

3B

The transverse axis is the y-axis. J
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Figure 36

2

X
zz—*=1,b2=c2—a2
a b

y
[ ]
v, =(0,a)
X
Fi= (0, —c)

Figure 36 shows the graph of a typical hyperbola dezfined by equation (3).
2

Y

An equation of the form of equation (2), % s = 1, is the equation of a
a

hyperbola with center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where
c? = a*> + b?, and transverse axis along the x-axis.
2 2

An equation of the form of equation (3), ny s = 1, is the equation of a
a

hyperbola with center at the origin, foci on the y-axis at (0, —¢c) and (0, ¢), where
¢? = a*> + b?, and transverse axis along the y-axis.

Notice the difference in the forms of equations (2) and (3). When the y*-term is
subtracted from the x’-term, the transverse axis is along the x-axis. When the

x%-term is subtracted from the y>-term, the transverse axis is along the y-axis.

( EXAMPLE 3 |

Solution

Figure 37

(=2, 2+5)

Analyzing the Equation of a Hyperbola
Analyze the equation: y* — 4x* = 4

To put the equation in proper form, divide each side by 4:

Since the x>-term is subtracted from the y’-term, the equation is that of a hyperbola
with center at the origin and transverse axis along the y-axis. Also, comparing
the above equation to equation (3),we find a*> = 4, b*> = 1,and ¢® = a> + b> = 5.The
vertices are at (0, +a) = (0, £2), and the foci are at (0, £¢) = (0, +V5).

To locate other points on the graph,let x = +2. Then

Y —4xt =4

yr — 4(£2)? =4 x= 42
v —16 = 4
y? =20

+2V/5

Four other points on the graph are (£2,2V/5) and (+2, —2V/53). See Figure 37. .J

y:

( EXAMPLE 4 |

Solution

Figure 38

Finding an Equation of a Hyperbola

Find an equation of the hyperbola having one vertex at (0, 2) and foci at (0, —3)
and (0, 3). Graph the equation.

Since the foci are at (0, —3) and (0, 3), the center of the hyperbola, which is at
their midpoint, is the origin. Also, the transverse axis is along the y-axis. The given
information also reveals that ¢ = 3,a =2, and b> = ¢> —a®> =9 — 4 = 5. The
form of the equation of the hyperbola is given by equation (3):

2 2
X
5=t
a b
2 2
y_x_y
4 5

Let y = £3 to obtain points on the graph on either side of each focus. See Figure 38.

e NoW WOPrPK proBLEM 21
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Look at the equations of the hyperbolas in Examples 2 and 4. For the hyperbola
in Example 2, 4> = 16 and b*> = 4,50 a > b; for the hyperbola in Example 4, a> =
and b? = 5,50 a < b. We conclude that, for hyperbolas, there are no requirements
involving the relative sizes of @ and b. Contrast this situation to the case of an ellipse,
in which the relative sizes of @ and b dictate which axis is the major axis. Hyperbolas
have another feature to distinguish them from ellipses and parabolas: Hyperbolas
have asymptotes.

2 Find the Asymptotes of a Hyperbola

Recall from Section 4.2 that a horizontal or oblique asymptote of a graph is a line
with the property that the distance from the line to points on the graph approaches 0
as x —> —00 or as x — 00. Asymptotes provide information about the end behavior
of the graph of a hyperbola.

THEOREM Asymptotes of a Hyperbola

2 2
The hyperbola LI Zf 1 has the two oblique asymptotes

b b
= = = —— 4
y=_* and y PRy 4

Proof We begin by solving for y in the equation of the hyperbola.

2 2
oy
a b
2 2
yo2
b a

a .
Now, as x — —00 or as x — 00, the term — approaches 0, so the expression under the
x?

b
radical approaches 1. So, as x — —00 or as x — 00, the value of y approaches ii
that is, the graph of the hyperbola approaches the hnes

b
== d -7
y ax and vy ax

These lines are oblique asymptotes of the hyperbola. [

The asymptotes of a hyperbola are not part of the hyperbola, but they do serve
as a guide for graphing a hyperbola. For example, suppose that we want to graph
the equation

QN‘XN
[
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Figure 39
2y
S-5=1
at b y
y=12x
¥
\\\ ————0(—0’—b—)—-//
I'\\\ g
NP ! V,=(a0)
1 /// \\\ X
17 \\'
T
V,=(-a0) = —bx
THEOREM

Begin by plotting the vertices (—a, 0) and (a, 0). Then plot the points (0, —b) and
(0, ) and use these four points to construct a rectangle, as shown in Figure 39.

b b

The diagonals of this rectangle have slopes — and ——, and their extensions are the
b b a a

asymptotes y = 2° andy = — L of the hyperbola. If we graph the asymptotes, we

can use them to establish the “opening” of the hyperbola and avoid plotting other
points.

Asymptotes of a Hyperbola

2 2
The hyperbola % = % = 1 has the two oblique asymptotes
a

y:%x and y=—%x 3

-

You are asked to prove this result in Problem 84.

For the remainder of this section, the direction “Analyze the equation” will mean
to find the center, transverse axis, vertices, foci, and asymptotes of the hyperbola and
graph it.

( EXAMPLE 5 |

Figure 40

Analyzing the Equation of a Hyperbola

2
Analyze the equation: yZ - x*=1

Solution Since the x’-term is subtracted from the y*-term, the equation is of
the form of equation (3) and is a hyperbola with center at the origin and transverse
axis along the y-axis. Also, comparing this equation to equation (3), we find
that a*> = 4,b> = 1, and ¢* = a® + b*> = 5. The vertices are at (0, a) = (0, +2),
and the foci are at (0, +c¢) = (0, £V5). Using equation (5) with a = 2 and b = 1,

the asymptotes are the lines y = %x =2xand y =— %x = —2x. Form the rectangle

containing the points (0, +a) = (0, £2) and (£b,0) = (£1, 0). The extensions of
the diagonals of this rectangle are the asymptotes. Now graph the rectangle, the
asymptotes, and the hyperbola. See Figure 40.

( EXAMPLE 6 |

Solution

Analyzing the Equation of a Hyperbola

Analyze the equation: 9x* — 4y? = 36
Divide each side of the equation by 36 to put the equation in proper form.
2 2

2y

4 9
The center of the hyperbola is the origin. Since the x*-term is first in the equation,
the transverse axis is along the x-axis and the vertices and foci will lie on the x-axis.
Using equation (2), we find @ = 4,b* = 9, and ¢ = a* + b* = 13. The vertices are
a = 2 units left and right of the center at (+a,0) = (2, 0), the foci are ¢ = V13



Figure 41

X

F,= (V13,0)

3
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units left and right of the center at (+¢,0) = (£V13,0), and the asymptotes have
the equations
b

—fx—éx and =——x=-
a 2 y a

3
=X

Y 2

To graph the hyperbola, form the rectangle containing the points (+a,0) and
(0, £b), that is, (=2, 0), (2, 0), (0, —=3), and (0, 3). The extensions of the diagonals
of this rectangle are the asymptotes. See Figure 41 for the graph. .J
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Analyze Hyperbolas with Center at (h, k)

If a hyperbola with center at the origin and transverse axis coinciding with a
coordinate axis is shifted horizontally / units and then vertically k units, the result is
a hyperbola with center at (A, k) and transverse axis parallel to a coordinate axis.
The equations of such hyperbolas have the same forms as those given in equations
(2) and (3), except that x is replaced by x — & (the horizontal shift) and y is replaced
by y — k (the vertical shift). Table 4 gives the forms of the equations of such
hyperbolas. See Figure 42 for typical graphs.

Table 4 Equations of a Hyperbola: Center at (h, k); Transverse Axis Parallel to a Coordinate Axis
Transverse
Center Axis Foci Vertices Equation Asymptotes
Parallel to the 2
—h? -k b
(h, k) x-axis (h + ¢ k) (h + a, k) u . =) =1, b= - ad y— k= ig(x — h)
a
Parallel to the v — k? — h?
(h, K y-axis hkto (kta oY ¥ L w=c¢-a y-k=+2w-n
a
Figure 42 \ y y Y4 | Transverse
N , axis
COMMENT It is not recommended . (h, ) )/ o °F, Al
that Table 4 be memorized. Rather use ot At it SN i
the ideas of transformations (shift A '> i YW, oA
horizontally h units, vertically k units) Transverse [+ Vil [M47 [V, K o 2 !
along with the fact that a represents axis M /N - (h. k) S
the distance from the center to the 1 NI X | Vi > X
vertices, ¢ represents the distance /'/ S - ~
from the center to the foci, and / \ y's oF, S a
b?=c%— a2 (or c?=a% + b?). ] / AN
¥ X
=’ -k’ v—k? (x=hy?
(@ —— - =1 b) ——— ———— =1
a b ®) a’ b?

( EXAMPLE 7 |

Solution

Finding an Equation of a Hyperbola, Center Not at the Origin

Find an equation for the hyperbola with center at (1, —2), one focus at (4, —2), and
one vertex at (3, —2). Graph the equation.

The center is at (h, k) = (1, —2),s0 h = 1 and k = —2. Since the center, focus, and
vertex all lie on the line y = —2, the transverse axis is parallel to the x-axis. The
distance from the center (1, —2) to the focus (4, —2) is ¢ = 3; the distance from
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Figure 43

V,=(-1,-2)

CHAPTER 10 Analytic Geometry

-6
Transverse

the center (1, —2) to the vertex (3, —2)isa =2.Thenb* = ¢*> — a> =9 — 4 = 5.
The equation is

(x —h)?*  (y—k)?
- !

(x—17 (y+2)7
4 - 5 B

( EXAMPLE 8 |

Figure 44

Transverse
axis

F,=(~1,2 +5)

N [

~

l/_

~ \l—\\
(3.2

~
X
-

5 =
L

Solution

\_ I\

Figure 45

Analyzing the Equation of a Hyperbola
Analyze the equation: —x*> + 4y?> — 2x — 16y + 11 = 0

Complete the squares in x and in y.
x>+ 4y? —2x — 16y + 11 =0
—(x* + 2x) + 4(y* — 4y) = —11
—(FP+2x+ 1) +4( -4y +4)=—-11-1+16
—(x+ 1) +4(y-2)7%=4 Factor.

X 2
v -2p -

Group terms.

Complete each square.

Divide each side by 4.

This is the equation of a hyperbola with center at (—1,2) and transverse axis
parallel to the y-axis. Also,a> = 1and b*> = 4,s0c¢? = a*> + b> = 5. Since the transverse
axis is parallel to the y-axis, the vertices and foci are located a and ¢ units above and
below the center, respectively. The vertices are at (b, k £ a) = (=1,2 £ 1), or

(=1,1) and (—1, 3). The foci are at (h,k £ ¢) = (1,2 + \/5) The asymptotes

o)

1 1
arey — 2 = E(X +1)andy — 2 = _E(X + 1). Figure 44 shows the graph.
=== Now Work rproBLEM 55

Solve Applied Problems Involving Hyperbolas

Look at Figure 45. Suppose that three microphones are located at points Oy, O,,
and Oj; (the foci of the two hyperbolas). In addition, suppose that a gun is fired at S
and the microphone at O, records the gun shot 1 second after the microphone at O,.
Because sound travels at about 1100 feet per second, we conclude that the microphone
at Oy is 1100 feet farther from the gunshot than O,. We can model this situation by
saying that S lies on a branch of a hyperbola with foci at O; and O,. (Do you see
why? The difference of the distances from S to O; and from S to O, is the constant
1100.) If the third microphone at O5 records the gunshot 2 seconds after Oy, then S
will lie on a branch of a second hyperbola with foci at O; and Os. In this case, the
constant difference will be 2200. The intersection of the two hyperbolas will identify
the location of S.

( EXAMPLE 9 |

Lightning Strikes

Suppose that two people standing 1 mile apart both see a flash of lightning. After a
period of time, the person standing at point A hears the thunder. One second later,
the person standing at point B hears the thunder. If the person at B is due west of



Solution

Figure 46
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the person at A and the lightning strike is known to occur due north of the person
standing at point A, where did the lightning strike occur?

See Figure 46 in which the ordered pair (x, y) represents the location of the lightning
strike. We know that sound travels at 1100 feet per second, so the person at point A
is 1100 feet closer to the lightning strike than the person at point B. Since the
difference of the distance from (x, y) to B and the distance from (x, y) to A is the
constant 1100, the point (x, y) lies on a hyperbola whose foci are at A and B.

North

5280 feet

An equation of the hyperbola is
2

X yiz1

2
a2 B
where 2a = 1100, so a = 550.

Because the distance between the two people is 1 mile (5280 feet) and each person

is at a focus of the hyperbola, we have

2¢ = 5280
-

Since b? = ¢ — a* = 26407 — 550% = 6,667,100, the equation of the hyperbola that
describes the location of the lightning strike is

x2 y2

=1
550> 6,667,100

Refer to Figure 46. Since the lightning strike occurred due north of the individual at the
point A = (2640, 0), we let x = 2640 and solve the resulting equation.

26400
5507 6,667,100
- yiz = =22.04 Subtract - ,? from both sides.
6,667,100 550~
y? = 146,942,884  Multiply both sides by —6,667,100.
y = 12,122 y > O since the lightning strike

occurred in quadrant |.
The lightning strike occurred 12,122 feet north of the person standing at point A.

|/Check: The difference between the distance from (2640, 12,122) to the person at
the point B = (—2640,0) and the distance from (2640, 12,122) to the
person at the point A = (2640, 0) should be 1100. Using the distance
formula, we find the difference in the distances is

\/ [2640 — (—2640)]> + (12,122 — 0)? — \/ (2640 — 2640)% + (12,122 — 0)> = 1100

as required. .J

™ -Now Work PproBLEM 75
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10.4 Assess Your Understanding

‘Are You Prepa red?” Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The distance d from P; = (3,—4) to P, = (-2,1) is 5. To graph y = (x — 5)> — 4, shift the graph of y = x° to the
d= .(p.3) (left/right) unit(s) and then (up/down) unit(s).

2. To complete the square of x> + Sx, add . (p-A48) (pp. 90-99)

3. Find the intercepts of the equation y* =9 + 4x’. 6. Find the vertical asymptotes, if any, and the horizontal
(pp- 11-12) 2 _9

or oblique asymptote, if any, of y = (pp- 191-194)

4. True or False The equation y*> = 9 + x?is symmetric with ¥ —4

respect to the x-axis, the y-axis, and the origin. (pp. 12-14)

Concepts and Vocabulary

7. A(n) is the collection of points in the plane 9. The equation of the hyperbola is of the form
the difference of whose distances from two fixed points is (x — h)2 (v — k)2
a constant. (a) 3 - %) =1
8. For a hyperbola, the foci lie on a line called the a
. (y—k)? (x—h)
- (b) 2z 1
Answer Problems 9-11 using the figure. 10. If the center of the hyperbola is (2, 1) and a = 3, then the
Vi | Transverse coordinates of the vertices are and .
axis 11. If the center of the hyperbola is (2, 1) and ¢ = 5, then the
X *F, Al coordinates of the foci are and .
RN gl - 12. In a hyperbola,ifa = 3and ¢ = 5,then b =
* - 1 —/—/—| —_—
: > 2, : xz yZ
(h, k)— . : 13. For the hyperbola T 9 = 1, the value of a is , the
B 1 i > _\:\ X value of b is , and the transverse axis is the -axis.
B - ~ N 2 2
Vs *F NI 14. For the hyperbola % T 1, the asymptotes are
and
Skill Building
In Problems 15-18, the graph of a hyperbola is given. Match each graph to its equation.
x? y? 2 2
A) -y =1 B) x> — =1 =1 D) y»——=1
A 5 - B) - © % —x (D) -2
15. y 16. y 17. y 18. y
1 % i 1
: B : \_/
L1 [ L1 11 L1 11 | ‘N | | KI | |
3 i 3 X ) N 4 x —4/ R \4X -3 3x
_3F —4r —4 -3r
In Problems 19-28, find an equation for the hyperbola described. Graph the equation.
"\ 19. Center at (0, 0); focus at (3, 0); vertex at (1, 0) 20. Center at (0, 0); focus at (0, 5); vertex at (0, 3)
"\ 21. Center at (0, 0); focus at (0, —6); vertex at (0, 4) 22. Center at (0, 0); focus at (=3, 0); vertex at (2, 0)
23. Foci at (—5,0) and (5, 0); vertex at (3, 0) 24. Focus at (0, 6); vertices at (0, —2) and (0, 2)
25. Vertices at (0, —6) and (0, 6); asymptote the line y = 2x 26. Vertices at (—4,0) and (4, 0); asymptote the line y = 2x

27. Foci at (—4, 0) and (4, 0); asymptote the line y = —x 28. Foci at (0, —2) and (0, 2); asymptote the line y = —x
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In Problems 29-36, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation.

N3l 402 — 2 = 16 32. 4y — X2 = 16
35. 2 — ¥ =125 36. 23 — y> =4
39'y:72x y y=2x 40. y772xy y=2x
Nt sp
\ B 7 T
\|\_\_ - __/7'/ :\\\ ://:
[ e : N 7/ [
L1 ! A T | L1 LM L1
=5 1 b : 5 X -5 N 5 X
A N A
g = '// = \\l
// \ V——-——k
¥ —10+ X 5 X

In Problems 41-48, find an equation for the hyperbola described. Graph the equation.

"\ 41. Center at (4, —1); focus at (7, —1); vertex at (6, —1) 42, Center at (—3,1); focus at (—3, 6); vertex at (—3, 4)
43. Center at (=3, —4); focus at (—3, —8); vertex at (=3, —2) 44. Center at (1, 4); focus at (—2, 4); vertex at (0, 4)
45. Foci at (3,7) and (7, 7); vertex at (6,7) 46. Focus at (—4, 0) vertices at (—4, 4) and (—4,2)

47. Vertices at (—1,—1) and (3,—1); asymptote the line  48. Vertices at (1,-3) and (1,1); asymptote the line
3 3
+1=2(x—1 +1=2(x-1
y Se—1) y S —1)

In Problems 49-62, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation.

49. (xzz)z—(y;”zzl 50. (y-:3)27(x—92)2:1 51 (y —2)? —4(x +2)2 =4
52. (x +4)?-9(y—3)2=9 53, (x+ 12— (y+2)?%=4 54, (y =32 - (x+2)?%=4
Nss. -2 -2x—-2y-1=0 56. 2 — x> —4dy+4x—1=0 572 — 42 —dy —8x —4=10
58.2x> — P +4x +4y —4=0 59, 4x> — y?> — 24x — 4y + 16 = 0 60. 2> — x> +2x + 8y +3 =0

6l y* —4x> — 16x —2y — 19 =0 62. x> — 3y +8x — 6y +4=0

In Problems 63-66, graph each function. Be sure to label any intercepts.
[Hint: Notice that each function is half a hyperbola.]

63. f(x) =\/16 + 4x? 64. f(x) = —\/9 + 9’ 65. f(x) = —\/—25 + x* 66. f(x) =\/—-1+ x?

Mixed Practice \
In Problems 67-74, analyze each conic.
(x=3 y+2° (-2
7. -—=1 . - =1 X = -

6 7 % 68, 16 2 69. x* = 16(y — 3)

70. y* = —12(x + 1) 71. 25x% + 9y? — 250x + 400 = 0 72. x> + 36y* — 2x + 288y + 541 = 0

73. x> —6x—8y —31=0 74. 9x*> — y* — 18x — 8y — 88 =0
|\ J
Applications and Extensions

"\ 75. Fireworks Display Suppose that two people standing 2 miles burst. One second later, the second person standing at point

e apart both see the burst from a fireworks display. After a B hears the burst. If the person at point B is due west of the

period of time, the first person standing at point A hears the person at point A and if the display is known to occur due
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76.

-

77.

78.

79.

north of the person at point A, where did the fireworks
display occur?

Lightning Strikes Suppose that two people standing 1 mile
apart both see a flash of lightning. After a period of time, the
first person standing at point A hears the thunder. Two
seconds later, the second person standing at point B hears
the thunder. If the person at point B is due west of the person
at point A and if the lightning strike is known to occur due
north of the person standing at point A, where did the
lightning strike occur?

Nuclear Power Plant Some nuclear power plants utilize
“natural draft” cooling towers in the shape of a hyperboloid,
a solid obtained by rotating a hyperbola about its conjugate
axis. Suppose that such a cooling tower has a base diameter
of 400 feet and the diameter at its narrowest point, 360 feet
above the ground, is 200 feet. If the diameter at the top of the
tower is 300 feet, how tall is the tower?

Source: Bay Area Air Quality Management District

An Explosion Two recording devices are set 2400 feet
apart, with the device at point A to the west of the device at
point B. At a point between the devices, 300 feet from point B,
a small amount of explosive is detonated. The recording
devices record the time until the sound reaches each. How
far directly north of point B should a second explosion be
done so that the measured time difference recorded by the
devices is the same as that for the first detonation?

Rutherford’s Experiment In May 1911, Ernest Rutherford
published a paper in Philosophical Magazine. In this article,
he described the motion of alpha particles as they are shot at
a piece of gold foil 0.00004 cm thick. Before conducting this
experiment, Rutherford expected that the alpha particles
would shoot through the foil just as a bullet would shoot
through snow. Instead, a small fraction of the alpha particles
bounced off the foil. This led to the conclusion that the
nucleus of an atom is dense, while the remainder of the atom
is sparse. Only the density of the nucleus could cause the
alpha particles to deviate from their path. The figure shows a
diagram from Rutherford’s paper that indicates that the
deflected alpha particles follow the path of one branch of a
hyperbola.

(a) Find an equation of the asymptotes under this scenario.

(b) If the vertex of the path of the alpha particles is 10 cm
from the center of the hyperbola, find a model that
describes the path of the particle.

‘Are You Prepared?’ Answers

80.

81.

82.

83.

84.

85.

86.

Hyperbolic Mirrors Hyperbolas have interesting reflective
properties that make them useful for lenses and mirrors. For
example, if a ray of light strikes a convex hyperbolic mirror
on a line that would (theoretically) pass through its rear
focus, it is reflected through the front focus. This property,
and that of the parabola, were used to develop the
Cassegrain telescope in 1672. The focus of the parabolic
mirror and the rear focus of the hyperbolic mirror are the
same point. The rays are collected by the parabolic mirror,
reflected toward the (common) focus, and thus are reflected
by the hyperbolic mirror through the opening to its front

focus, where the eyepiece is located. If the equation of the
2 2

.Y X
h bolais— — — =
yperbolais o- — —o
the vertex to the focus) of the parabola is 6, find the equation

of the parabola.

1 and the focal length (distance from

Source: www.enchantedlearning.com

The eccentricity e of a hyperbola is defined as the number £,

where a is the distance of a vertex from the center and c is tge
distance of a focus from the center. Because ¢ > a, it follows
that e > 1. Describe the general shape of a hyperbola whose
eccentricity is close to 1. What is the shape if e is very large?
A hyperbola for which @ = b is called an equilateral hyperbola.
Find the eccentricity e of an equilateral hyperbola.

[Note: The eccentricity of a hyperbola is defined in
Problem 81.]

Two hyperbolas that have the same set of asymptotes are
called conjugate. Show that the hyperbolas

x? x?

?—y2=1 and yz—Z=1

are conjugate. Graph each hyperbola on the same set of
coordinate axes.
Prove that the hyperbola

o2
@ b

has the two oblique asymptotes

R
y=,px and y=—ux

Show that the graph of an equation of the form
AX*+Cy*+ F=0 A#0,C#0,F+#0

where A and C are of opposite sign, is a hyperbola with
center at (0, 0).

Show that the graph of an equation of the form
AX*+Cy»+Dx+Ey+F=0 A#0,C#0
where A and C are of opposite sign,
D’ | F

isah laif — +-— — F # 0.

(a) is a hyperbola i 14 T ac 0
D*  E?

b) is two int ting linesif — + — — F = 0.
(b) is two intersecting lines i aa T ac

1.

25

52 2.5

3. (0,-3),(0,3) 4. True

5. right; 5; down; 4

6. Vertical: x = —2, x = 2; horizontal: y = 1



10.5 Rotation of Axes; General Form of a Conic

pp- 472 and 475)

(Section 7.6, p. 488)

\

THEOREM

PREPARING FOR THIS SECTION Before getting started, review the following:

e Sum Formulas for Sine and Cosine (Section 7.5, e Double-angle Formulas for Sine and Cosine

e Half-angle Formulas for Sine and Cosine

*. Now Work the ‘Are You Prepared?’ problems on page 671.
OBJECTIVES 1 Identify a Conic (p.665)

SECTION 10.5 Rotation of Axes; General Form ofa Conic 665

(Section 7.6, p. 484)

2 Use a Rotation of Axes to Transform Equations (p.666)
3 Analyze an Equation Using a Rotation of Axes (p.668)

4 |dentify Conics without a Rotation of Axes (p.670)

In this section, we show that the graph of a general second-degree polynomial
containing two variables x and y, that is, an equation of the form

Ax> + Bxy+ Cy» + Dx + Ey+ F =0 §))

where A, B, and C are not simultaneously 0, is a conic. We shall not concern
ourselves here with the degenerate cases of equation (1),such as x*> + y* = 0, whose
graph is a single point (0, 0); or x> + 3y* + 3 = 0, whose graph contains no points;
or x> — 4y* = 0, whose graph is two lines, x — 2y = 0 and x + 2y = 0.

We begin with the case where B = 0. In this case, the term containing xy is not
present, so equation (1) has the form

AX* +Cy¥? + Dx+ Ey+ F=0
where either A # 0 or C # 0.

Identify a Conic

We have already discussed the procedure for identifying the graph of this kind of
equation; we complete the squares of the quadratic expressions in x or y, or both.
Once this has been done, the conic can be identified by comparing it to one of the
forms studied in Sections 10.2 through 10.4.

In fact, though, we can identify the conic directly from the equation without
completing the squares.

Identifying Conics without Completing the Squares

Excluding degenerate cases, the equation

AX*+Cy¥?» + Dx+ Ey+ F=0 Q?)

where A and C cannot both equal zero:
(a) Defines a parabola if AC = 0.
(b) Defines an ellipse (or a circle) if AC > 0.

(c) Defines a hyperbola if AC < 0. _J
Proof
(a) If AC = 0, then either A = 0 or C = 0, but not both, so the form of equation (2)
is either

AX*+Dx+ Ey+F=0, A#0
or
Cy¥»+Dx+Ey+F=0, C#0





