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Functions with periods other than 27

If y = f(x) is defined in the range —% to %, i.e. has a period T, we can

convert this to an interval of 2= by changing the units of the
independent variable.

In many practical cases involving physical oscillations, the inde-
pendent variable is time (#) and the periodic interval is normally
denoted by T, i.e.

fie+T)=r()

o TN /I
0 N/ a+T . t® x

period =T

R

_—0
E—

Each cycle is therefore completed in T seconds and the frequency
f hertz (oscillations per second) of the periodic function is therefore

given by f =%. If the angular velocity, w radians per second, is

defined by w = 2xf, then
2w 2
fo} == - and T = o

The angle, x radians, at any time ¢ is therefore x = wt and the Fourier
series to represent the function can be expressed as

ﬂ (=]
f(t) = Eﬂ + > {@ncos nuwt + by sin nwt'}
n=1

a = 2nnt 2nnt
=—D+Z{ancos ,;,T + by, 5in ;}

Fourier coefficients

With the new wvariable, the Fourier coefficients become

L]
f(t) =3a0 + Z{an cos Hwt + by sin nwt}

]'I=1
2 T w 27 o
== =— t
@ ==| f(tydt =, f®d
2 T w 2 fu
anp ==| fF(t)cosnwtdt =— f(t) cos nwtdt
T.‘jﬂ Fis
2 v T ) 2 fue
b, ==\ f(t)sinnwtdt =— f(t) sinnwt dt.
T Jo 7 Jo
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We can sce that there is very little difference between these
expressions and those that have gone before. The limits can, of

r.  T™ =xn

2
course, be O to T, -5 to to E, 0 to o etc. as is convenient, so

2w w w
long as they cover a complete period.

Let f(x) be defined for —L < x < L. For the time being. we assume only that f_i f(x)dx exists.

We want to explore the possibility of choosing numbers a,.a,..... b,. b,. ... such that
1 4 nmx nwx
X)=za,+ ) _a, cos( ) + b, sin ( )
f( ) 2 0 E L L

Let £ be a Riemann integrable function on [—=L., L].

1. The numbers

and

g wX
h”:E.’i;_f{"-JSiIl(¥)£!'r for w=it,2,38,...

are the Fourier coefficients of f on [=L. L].

I

The series

%u., +ni:| a, cos (”}TI) + b,_sin (?—)

is the Fourier series of f on [—L. L] when the constants are chosen to be the
Fourier coefficients of f on [—L. L].

Example
Determine the Fourier series for a periodic function defined by
21+1) —-1<t<O0 4
ft) = { 2
0 O<t<1 y=2(1+8 /
F(t+2) = (1)
-1 0 1 x
RS 2nnt . 2nmt
fle)y =+ ;{an cos ——+ b, smT}
ag &2
=+ Z{an cos nnt + b, sinnnt} because T = 2

=
I
p—
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2 (T/2 1 1
"*’:TJ Zf(t}dtzJﬂlf(t)dt=f12(1+t}dt+](O)dt

= 0

[¥]
= [2r+t2] =1
-1

T/2 1
an = % f(t) cosnrtdt = J f(t)cosnatdt = JO 2(1+1t) cosnrntdt
/2 -1 -1

4
a, =0 (neven); a,= P (n odd) |
0
dn =j 2(1 + t)cosnwtdt
—1

. 0
=2{ [<1+t)M] 211 gin mdt}

nmw 1 hml)_,4
1 cos nt]° 2
fo-o A=) 2w
2
= 2z (1~ (1))
T/2
b,,—%l_ f(t)sm$ dr b,,:—?—f;

by = jo 2(1 + t) sin nxt dt
-1

0
=2{ [(1 +t)%mrt] +%r cosmrtdt}
-1 -1

1 [sin#nat]® 2 2 . 2
=240 ——+ = ——+—=(sinnr) = ——
nw Hm —1 nem nw

1 4 1 1
f(t) —§+?{cosart+-§c053wt+§-§c0551rt+ . }

—E sinnt +}-sin21rt +1sin31rt+ lsin-alﬂ-f + ...
T 2 3 4
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Example
Let
) 0 for —=3<x<0
X)=
v forO0<x<3

Here L = 3 and the Fourier coefficients are:

bt '

1 3 1 3
ao =3 f_i_f(.r)d.r = E./:, Xdx=
P 4 nmwx
ap =3 ";“ fx) cos( 3 )d.l’
1 ;7 nx
= Ej:; .\'cos( 3 )d.t’

k]
3 N X . g/nmx
= — _,co.a( )-i—-—*:.m(-—)
n-7- 3 nw 3 g

and

b, L :‘f(.l']sin("mr)d.t = 1];) xsin (E)d.l'

3/ 3 3 i
3 (n'.'n) X (nm.) 3
= ——sin — cos
n-m- 3 nw 3 8
=i l)““
nw

The Fourier series of f on [—3, 3] is

3

+i (":ﬁ_:[(—l)" - l]cos("?t) + i{—1)"”" sin (?)) o
n=|

| tw

s ni )
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A function f(x) is said to be even if

(=) =Fx)

i.e. the function value for a particular negative value of x is the
same as that for the corresponding positive value of x. The graph of
an even function is therefore syrurnetrical about the y-axis.

—— — — — — ——— —

X

y=[f(x)=x% is an even function
because

f(-2)=4=7(2)
F(—3)=9=r@3)

etcC.

y=f(x)=cosx is an even

function because

Odd functions

cos(—x) = cosx

f(—a) = cosa = f(a).

A function f(x) is said to be odd if

F(=x) = —f ()

i.e. the function wvalue for a particular negative value of x is
numerically equal to that for the corresponding positive value of x
but opposite in sign. The

symmetrical about the origin.

graph of an odd function is thus

y=r(x)=x* is an odd function
because

F(-2) = —8 = —F(2)
F(—S) = —125 = —f(S)

etc.

Yy=f(x)=sinx is an
odd function because

sin{(—x) = —sinx

f(—a) = —f(a).
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Example 1
P Example 2
y
14
T- ————— —2 . — - ——
______ 3 e p—
=27 -7 0 flr 2[1r— X | ! I
-J—]—— -2 —_—— _ n "

odd; symmetrical about the origin, i.e. f(-x) = —f(x) even: symmetrical about the yaxis. ie. fl-x) = f(x)

Example 3
4
- === -~ Products of odd and even functions
| |
_zi,, o 0 - ;ﬂ P (even) x (even) = (even) like (+) X (+)=(+)
neither even nor odd; not symmetrical ~ (odd) x (odd) = (even) (=) x(=)=(+)
about either the y-axis or the origin ~ (odd) x (even) = (odd) =xH#H=0)

State whether each of the following products is odd, even, or neither

1 xjsian 1 odd E)O) =(0)
2 xcosx 2 odd (O)E) =(0)
3 cos2xcos3x 3 even (E)E) = (E)
4 xsinnx 4 even (0)(0) = (E)
§ 3sinxcosdx 5 odd (O)F) =(0)
6 (2x+3)sin4x :
_ 6 neither (N)(O) = (N)
7 s;nzxcos 3x 7 even (B)E) = (E)
8 x¢ 8 neither (O)(N) = (N)
9 (x*+4)sin2x 9 odd (B)O) =(0)
10 coshix 10 neither N)(E) = (N)

v 19
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Two useful facts emerge from odd and even functions

For an even function

' fa=2 f s

For an odd function

flx)dx =0

Theorem 1

If f(x) is defined over the interval —7 < x < = and f(x) is even, then the

Fourier series for f(x) contains cosine terms only. Included in this is ao
which may be regarded as a, cos nx with n = 0.

2 2"
dg = - x)dx = — =
0=Z W 4= fwcosmar b0
Y
Example @ P I
_l-_ i
3 -t 0 z T 3 X
2 2 2 2
D=ga+ Y mcosnx @) ao=7| fldx=" fl)de= ”m—?[urz—fi
f()—zau+;a,,cs Ya=_] =7), “7lo Tl

(b) ay =%J;f(x)cosnxdx :%j-;f(x)cosnxdx

ap=0 (n even); an=% (n=1,5,9,...);
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2 (7 2 w2
a, =—1 f(x)cosnxdx =— 4 cosnxdx
mTJo T Jo
8 [sinnx]™* 8 . nrm
= — = —SIN—
| n 0 T 2

n
But sin—é'-r =0 for n even

=1 forn=1,5,9,...
=-~1 forn=3,711,...

S
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f(x)= 2+§{cosx —%cos?.x -{-lcosSx —lcos?x + }
w

Theorem 2

If f(x) is an odd function defined over the interval —m < x < «, then the

Fourier series for f(x) contains sine terms only.

w3

(@) ap = f(x)dx. But f(x) is odd

=T
w0

(b) a, = f(x) cos nx dx

Nl -

of =T

(c) b, =%FJTr f(x) sin nx dx

EumPle

Consider the function shown.

Y f(x)=-6
T T f(x)=6
— 0 T X
S S JE—

f(x +27) = f(x).

' ap=0

—m<x<0

D<x<w

an odd function; sine terms only, i.e.go=0and a, =0
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1 *
bp==| f(x)sinnxdx.
TJ-x
b,=0 (neven) or — (nodd)
Because
2 12 [—-cosnx]™ 12
b,=-=| 6sinnxdx=—|——| =—(1- cosnn).
m™Jo ™ n 0 T

24 ( . 1. 1
f(x)=?{smx+§sm3x+§sin5x+...} ‘

Example

Determine the Fourier series for the function shown.

K~

2r x 0

This is neither odd nor even. Therefore we must find ap, a, and b,,.

1 & .
f(x) =540+ z {an cosnx + b, sinnx}
n=1

3 4 1 1
f(x) _E—F{cosx+§c053x+2—5-cossx+...}

2
__{Sinx+lsin2x+18in3x +—1-sin4x...}
T 2 3 4
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Sometimes we can save some work in computing Fourier coefficients by observing special
properties of f(x).

Even Function
f is an even function on [—L. L] if f(—x)= f(x) for —L = x = L.

Qdd Function
f is an odd function on [—L. L] if f{—x)=—f(x) for =L < x = L.

bl = 2 =
For example, x°, x*, cos(nmwx/L) and ™" are even functions on any interval [—L, L].

The functions x, x*, x* and sin(nx/L) are odd functions on any interval [=L, L].

=

FalllVa .V o W7o\ B
NN N NV ONG ‘

lu'-l—':l\m
|

i ~ even function, symmetric abowt the
Sfunctions v = x- and v = cos(3m7x/3).

R (AYLS
-“
-"
A L
1 1 | - X
=9 oy A 1 2
Y IR
-8+
, ! . & .
odd functions ¥y = x. vy = x". and odd function, svmmetric through the
v = sin{Saa/2). origin.

Even and odd functions behave as follows under multiplication:
even-even = even,
odd - odd = even,
and

even-odd = odd.



