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Laplace transforms

Laplace transforms are invaluable for any engineer’s mathematical toolbox as they make
solving linear ODEs and related initial value problems. as well as systems of linear ODEs.
much easier. Applications abound: electrical networks, springs, mixing problems, signal
processing, and other areas of engineering and physics.

The Laplace transform of an expression f(t) is denoted by L{f(t)} and
is defined as the semi-infinite integral

L{F(t)} = ]:0 F(t)e* dt = F(s)

Example 1
To find the Laplace transform of f(t) = a (constant).
L{a} = rae""dx =a eT__a Gl 1y

Jo T l-sle s 0
a
== {0-1} =

“lR

. L{a} = f’:‘ (s> 0)

Example 2

To find the Laplace transform of f(t) = ¢** (a constant). As with all
cases, we multiply f(¢) by ¢~ and integrate between t = 0 and t = oc.

- L{e) =Ee“e“"dt= J‘: -Gt gy

Because
L{e#ty = J""’ et dt = re-(s-a)t dt = [_
LK 0 0 —(s—a)lq
1

1
=i a0 =5

e~(s—a)t 1%

L{eﬂ'}=3}5 (5 @)
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L{a) =% and L{e“}= - -
7 Y 7 Lo
Ef =58} = icovvisnsins T [ g =S L{-5} = _g

-
¥

L

1
e ==

Note that, as we said earlier, the Laplace transform is always an
expression in s.

Example 3

To find the Laplace transform of f(t) = sinat. We could, of course,
apply the definition and evaluate

L{sinat} = r sinat - e™* dt
o

using integration by parts.
However, it is much shorter if we use the fact that

e’ = cosd +jsind
so that sin@ 1s the imaginary part of ¢/, written .#(e/?).
The function sin at can therefore be written #(¢/) so that

L{sinat)} = L{F (")} = # J: et dt = 5 l: e~t-ialt qr
-, | =21}

={=2%}

We can rationalise the denominator by multiplying top and bottom

5+ ja
. S+ ja a
= F =
Lisinat} {sz +a1} 5* + a?
_ _a
c. L{sinat} = =

We can use the same method to determine L{cos at} since cos at is the
real part of e®, written R(e/).

Then L{cosat} =............
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s
L{cosat} i
Because
_ s+ja]l s
hicosny R{sz + az} T2+ a4t
Recapping then: Y=oy BEMb=ssass
L{sn2t} =...iveiveins L{cosdt)} =.........
1 1
L{1} =—; L{gt} =
=50 (e} = —
: s
Example 4

To find the transform of f(r) = " where n is a positive integer.

By the definition L{t"} = rt”e"”dt.
4]

L{t"} = &y
. L{t} =-:,_—: L{t?} =SE]; L{t*} =;
Example 5

Laplace transforms of () = sinh at and f(t) = coshat.

Starting from the exponential definitions of sinhat and coshat, i.c.
sinhat = }(¢* —¢*) and coshat = } (e + ¢™)

we proceed as follows.

(a) f(t) =sinhat. L{sinhat} = rsinhar e Mdt

[+}

=3, e —eesar

= 1 ~{s-ayt __ -[s+a)t . a ‘
_Zj:{e e }dt L{sinhat} = w— |
_
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Because

r fertsow — tsran) g - [T e ~
2 —(s—a) —(s+a)]g

_l{l_l_a

2ls—a s+al| s2—a2
a

. L{sinhat} = = —

(b) f(t) = coshat. Proceeding in the same way
L{coshat} = ...c.c......

Licoshar} = 2 [ (e + e-Year =3 [ {e-tm 4 et} ac
_ 1 [ c—(s—a)r N e ~(s+a)t m_ l{ 1 . 1 }
o (s — a) —(s+rz)o 2| ls—a s+a

- === _az}

.. L{coshat} =

_az

So we have accumulated several standard results:

— f . £y 1 . ny _ n!
L@ =% Lty =2 L) =2
% el . . s
Limnat) ~asmn  Hesdll <an
3 a . _ s
L{Smh ﬂr} = m, L{COSll nt} = T‘?z

The Laplace transform is a linear transform, by which is meant that:

(1) The transfornrm of a summ (or difference) of expressions is the sum (or
differenice) of the individual transforms. That is

L{f(t) = g(0)} = L{f ()} = L{g(1)}

(2) The transform of an expression that is multiplied by a constant is the
constant multiplied by the transform of the expressiori. That is

L{Kf ()} = kL{f(£)}
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Example 6
(@ L{2e¢'+t} =L{2e '} +L{t
¢ }“Zi{e"i+1-{ti .2 1 _2%+s5+1
— Ts+1 52 s2(s+1)
3 s s+6

() L{2s5in3t + cos 3t} = 2L{sin 3t} + L{cos 3t} = 2.3‘.a =9 +3 9 =259

1 S 4 3s
4 = - =
(c) L{4€*" + 3cosh 4t} = 4L{e*} + 3L{cosh 4t} i s e v i
752 — 65— 64
T (s — 2)(s%2 — 16)
3 3 6 12 18(s* + 3)

1. L{Zsin3t+4slnh3t}2.52_!_9-;-4,32._9 =g stT 5= Si—8i

S .S _ 65— 45— 20
—4 s2—47 (s—4)(s2—-4)

2. L{5¢* +cosh2t} = e

' ’ 1 1
3. L{?+2:2 -4t +1) =%+2.%_4-;15‘+§ =5 {5’ — 45" + 45 + 6}

Theorem 1 The first shift theorem

The first shift theorem states that if L{f(#)} = F(s) then
L{e™™f(t)} = F(s +a)

Because L{e"‘f(t)} = Eoc“‘f(r)e—“ dt = Eu f(t}e‘(‘*"‘ dt = F(s + a)

That is
L{e"f (1)} = F(s + a)
_2
24+ 4
2 2

—3r — ]
then L{e sin 2£} (s + 3)2 +4 $2+6s5+13

For example L{sin 2t} =

_—2—v‘
(S - 4)1

Similarly, L{t*} _-;2—; s L{tPeM) = .

Because L{t%} = ;f;— .. L{t?¢**} is the same with s replaced by (s — 4).

ey -2
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Exercise

Determine the following.

1. L{e*cosh3t}

2. L{26sin3t)

3. L{4tet)

4. L{e*cost}

5. L{e*sinh2t}

L{tle4}

Theorem 2

S
-9

L{cosh3t} = :

3

L{sin3t} =

1
L{4t} = 4.
L{COS t} = _?T%-T

2
24

L{sinh 2t} = :

Theorernr 2 Multiplying by ¢

If L{7 ()} = F(s), then L{IF ()} = 52 (F())

. L{e"* cosh3t} =

. L{2e"sin3t} =

", L{e*sinh2t} =
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s+2
(s+2)*-9
_ 5+2
T s2445-5
6
(s-3Y%+9
6
- 65+ 18
4
(s+1)2
=3
2)2+1
_ s-z
2 —45+5
__2_
(s—3)%-4
2
Ei"'—"é's'l's'

L{4te"} =

o L{e* cost} =

o R +4)
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2
For example, L{sin2t} = PR
; i d 2 4s
. L{tsunZt} = —& m) == m
and similarly, L{tcosh3t}=............
. d s . (s2-9)—s(25) s2+9
Because L{t cosh 3t} = - ;2—-:—9) =— 2-97  (2_9)
d [ s2+9 25(s? + 27)
L{?cosh3t} = L{t(tcosh3t)} = ——d ——— ) =—"> —2=
Likewise, starting with L{sin4t} = ﬁ
L{tsindt} =............ and L{f?sin4t}=..... 8 . 8(@3s®-16)
(s2 + 16)* (s2 + 16)°

applying L{tf(t)} = -—% {F(s)} in each case.

Theorem 2 obviously extends the range of functions that we can
deal with.
So, in general, if L{f(¢)} = F(s), then

LEEf()} = (-1)" 55 (F5))

Theorem 3 Dividing by ¢

If L{f ()} = F(s) then L{f—(:—)-} _ r F(o)do

provided Lim (E(?Q) exists. To demonstrate this we start from the
t—0

right-hand side of the result

oo oo (o0 Notice the dummy vari-

J Flo)do = {J f(t)e dr} do  able o. The end result is
o= Vsaikicted an expression in s which

_F f()et dodt comes from the lower limit
Jt=0 Jos of the integral so the vari-
oo 3 able of integration, which

=y P f(f){_[:"’ d"} dt s absorbed during the pro-
- o cess of integration, is
=| f)S—at changed to o. Notice also
Jt=0 t that we interchange the

L {f (f)} order of integration.
Ut
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This rule is somewhat restricted in use, since it is applicable only if

Lim (@) exists. In indeterminate cases, we use L’Hopital’s rule to

tfl_::.l out. Let’s try a couple of examples.
Example 1
Determine L{smt“t}
First we test E.h;: {Sh;at} = { g} =? By L'Hopital’s rule, we differentiate

top and bottom separately and substitute t =0 in the result to
ascertain the limit of the new expression.
= Lim

sinat acosat
Lim
10 t t—0

theorem can therefore be applied.

}:a, that is, the limit exists and the
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a sinat a
So L{sinat} = ——;, therefore L = —_
{ ) 52 +a? " { t } fa”+a2da
o0
= [arctan(g-)]
3
T s
= § — arctan (‘—1)
a
= arctan (;)
: a N X
Notice that arctan (s) + arctan (a) =3, ascan be A,
Example 2 >
- 2t
Determine L{-l%}
First we test whether Lim lﬂ} exists.
10
o {i=oos) 1-1_9 . - Apply I’'Hépital’s rule.
-0 t 0 0
- 1 s
Lim {1252\ _ 14 {251:1 2‘} ~2_0 - limitexists. L{l1-cos2t}==-_ > _
t—0 t—0 1 s s24+4
Then, by Theorem 3
1—cos2t| _ 1 o s24+4
=2 = - ny=2

oo -3+ 0] -3 [m(G)L..,

Because

When o — oo, ln(;zoz—‘i)—-lnl =0
+ L l-cos2t] 1
t T2

Therefore, L{}ﬂ}

52

Sz i -1/2
52+4) = "(sz +4)

ln(
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1 Standard transforms

£(t) L{f(t)} = F(s) 2 Theorem 1 The first shift theorem
a If L{f(t)} = F(s), then L{e"®f(t)} = F(s + a)
a s 3 Theoremn 2 Multiplying by ¢
1 d
¢ —= If L{f(0)} = F(s), then L{tf(8)} = 7. {F(s))
sinat = : - 4 Theorem3 Dividing by t
_F fO) _
cosat s If L{f ()} = F(s), then L{T} - Jj; F(o)do
s2+a £(t)
a provided Lim {-——} exists.
sinh at - -0 (¢
st —a
s
coshat o
r
t S—::T,— (n a positive integer)




