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The inverse Fourier transform

if F(w) is the Fourier transform of f(t), i.e.,

F(w) = ]:L f(t)e 7« dt

then ,
f(t) —-Q—W-/x F(w)e?*" dw
let’'s check
1/ F(w)e“tdw = 2 (‘/AL f(T)e_j““'T) el“tdw
27 w=—0C 27 w=—0c T=—0C ‘
1 o0 O e

= o f(r) e Iw(T=tdy | dr

= f f(m)o(m — t)dr

= f(t)

Example

Determine the inverse transform, if the Fourier transform F () are given as;
(1 ol £ w.
Flw) = {0 we < |lw| <
Sol:

[0.0)

1 .
f(n) = Ef_ F(w)e!“"dw

f(n) == [“° eJondw = SIn Wen n#0
21T Y —W¢ mn
For n=0, we have
1 [@e W,
D=r| do=—=
f(0) e w=—
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Hence
W, _
— n=20
T
f(n) = w.sinoon NFO
T N
Matlab
1 - clec
2 - clear
== wo=0.5;
4 - n=[0:35];
5 - m=[0:-1:-35];
a - a=1./ (pi*n);
T - fl=a.*zin(wc*n) ;
g - £2=f1;
L= d=[1 000 O00O0CO0O0CO0CO0CO0CO0CO0ODO0OO0CO0CO0ODO0OO0C0CO0DCO0CO0CO0CO0DCO0CO0OCO0OO0DO0CO0OO0OO0O0OO0OO0]);
10 — [#1 yl]=dimpulse (fl,d,n)
11 - nm=[m n];
12 - f=[f2 f1]:
13 - stem(nm, £)
14

0.16 | f T T

s
7]

0@ -

b6

0w &g :.-;: -
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- clear

- clc

- w=[0:.01:20];

- h=1;

b=L*=imn (W) :

- f=b. /w:

- ploc(w,L,—w,L)

- xlabel("w")

- viabel ("Fi(w) ")

title( '"'the =inci(w) wWith amplit
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The unit sample and unit step

Let’s examine some special signals, first in discrete time, then in continuous time.

Definition 1 The discrete time unit step is given by
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The unit sample or impulse is defined as
§n] = u[n] —uln — 1]

We notice that they are related via the sum relation
uln) = Z S|k
k=—uon
Notice the unit sample sifts signals

Proposition 1 The unit sample has the “sampling property,” picking off values of signals that it
sums against:

x[n] = Zx[n — k|6 k|

k

This is true for all signals, implying we can derive various properties, the “summed” and
“differenced” versions. Defining x[n] = u[n], then

uln| = i 5[ k]
K=—on

Odd and Even Functions

Even Odd
f[—t) = (1) f{—1) = —f{t)
Symmetric Anti-symmetric
Cosines Sines
Transform is real* | Transform is imaginary*

* for real-valued signals
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Sinusoids

Spatial Domain Frequency Domain

f(t) Flu)
cos(2nst) = [6{u+8) + 5(u— 8]
sin(2=st) i [§(u+ 8) — d(u— s)]

Constant Functions

Spatial Domain  Frequency Domain

ft) Fiu)

1 Jlu)
a a d(u)

Matlab

Symstw wcu

Fourier (dirac (t), w) return 1

Fourier (dirac (1), w) return 0

iFourier (dirac (w), t) return 1/(2*pi)

iFourier (a*dirac (w), t) return a/(2*pi)

iFourier (dirac (1), t) return 0
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Delta Functions

Spatial Domain

f(t)

Frequency Domain

Flu)

d(t}

Square Pulse

Spatial Domain

Frequency Domain

Square Pulse

FLiE

f(t) F(u)
1 f-a/2<t<a/2 . _ sin{a= )
{ 0 otherwise sinc(aru) = =55~
1 AR _‘ ‘
U
; — AF @iy = o IIll| wirla "Rl
riw
1-:‘_1 ‘i
|
rha !i|
‘I Sl e | ‘ |
!. . E——— - ..l.'.J..ll':n'..'!..i..l. ..'.]jl!r.:'l_ll..l.l i —_—
= A g — —d r - W popmila -
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Differentiation

(Gaussian

Spatial Domain

f(t)

Frequency Domain

Flu)

1k
at

Spatial Domain

flt)

2wiu

Frequency Domain
F(u)

o=

— o LE

e

Some Common Fourier Transform Pairs

Spatial Domain Frequency Uomain
f(t) Flu)

Cosine cos(2rst) | Deltas | 3 [#{u+ s) + 5(u— s]]
Sine sin(2rst) | Deltas | i[d(u + s) — d(u — s]]
Uit 1 Uelta a(u)
Lonstant a Uelta as(u)
Lelta a(t) Unit 1
Comb d(tmod k) || Comb dlumod 1/k)
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Properties: Linearity

Adding two functions together adds their Fourier Transforms together:
Flg)

Flf+g)=F(f)+

Multiplying a function by a scalar constant multiplies its Fourier
Transform by the same constant:

,Fl.rﬂf:'l = & F[f]

Properties: Notation

Let _F denote the Fourier Transform:

F = ()

Let 7" denote the lnverse Fourier Transform:

f=F(F)

More Common Fourier Transform Pairs

Spatial Domain Frequency Domain
f(t) Flu)

1 F-aj2<t<al? ] o
Square 0 et Sinc sinc(amu)
- 1—[t] i—a<t<a - o T
Triangle a i Sinc sinc(amu)

Gaussian e (Gaussian g

Differentiation < Ramp 2miu

Rayleigh’'s Theorem

Total “energy” {(sum of squares) is the same in either domain:

F(u)|® du
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Fourier Transform MATLAEB Commands
co -t Syms XH;
flx)=e £t = exp(—-=x"21:

fourier (L)

F[f]ie = ] Flaie ™ dy

' returns
- a:r.ls =
= jme pit(lsZyFfexpiw™2/9)
e SVINS W:

Sleol=e o = exp(—abs(w)):

fourier (o)

Flalit= j g lee ™ dus

returns
_ :3 ans =
T A0V o+ 1)
fl:.’l':l=1'e_'r Syms X u;
£ = x*expi-abs(x));

fourier (£, u)

F[f]iu = ] Fiane ™™ dy

- returns
drer ans =
=TT a.a - wagw ] 2 4+ 1Ly"Z
|:1+Ee'2]2 (u 1yfiu :I
P & SYINS W O]
fix,vi=¢ v, x real syms X real;
f = expi—x"Z%abs(v)) *sin(w) /w;

fourier (£, , 1)

Ffivi] i) = J Fix,vle ™ do

a returns
=1 i+ ans =
= —arctan +arctan ) )
1_2 1_:2 Picscewise ([x <> O,...

ataniiu + 1)/ x"2) ...
— atan(Ll/=x"Z*iu — 1)11])




