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Bernoulli’s equation

A Bemmoulli equation is a differential equation of the form:

. .
2 Pv=0y
dx

This 1s solved by:

(a) Divide both sides by 3" to give:

y—n jy +Pyl—n - Q
x
(b) Let z = y1™ go that:

dz )
Zoa-my

dx dx
Substitution yields:
d= o ay
= T
dx ( )y dx
then:

ad s
(I—M)[y —‘y+j3’y1 ] =({1—mn)Q
dx
becomes:

——+Hz =0
Which can be solved using the integrating factor method.

A Bernoulli equation is a first order equation

y'+p(x)y = R(x) y*

in which a is a real number.
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Consider the equation

Then vy =v~"2 and
}'r(_r] — — E 'Lr_:"-"lzur(_]']’

so the differential equation becomes

| R 1 2 _am
— v (x) 4 —v P =37,
2 k'
or, upon multiplying by —2v*/2,
2 2

v ——v=—06x",
x

a linear equation. An integrating factor is e~ /@/%4 — x=2_ Multiply the last equation by this
factor to get

=2 e =—6,

which is
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Integrate to get

X Tv=—b6x+0C,
50

v=—0x +Cx .

The general solution of the Bernoulli equation is

1 1
T Am T Ve e

Second-order differential equations

Homogeneous equations

The differential equation:

rrﬂ--'-.:-l [ h-:!;rl- [ O |
el o

I5 a1 second-order, constant coefficient, finear, homageneomns differential
eqrarion. s solution 15 found from the solutions to the auxiliary equation:

.,
cring” vl ve 0

by Jh® —dac h 'u'lh":: dere

1, arned
2a 2

These are:
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The auxiliary equation

e Real and different roots
If the auxiliary equation: amz +bm +c =0
With solution :

b? — 4ac Vb2 — 4ac

m; = a and m, = a

Where mjiandm;arereal and m; #m;

Then the solution to :
ay? dy — ; — ApMiX myx
adx2+bdx cy=0 is ly = Ae + Be™2%|

e Real and equal roots
If the auxiliary equation: am2 +bm +c =0
With solution :

Vb?% — 4ac Vb?% — 4ac

mq = oa and m, = 2a

Where mjiand m;arereal and m;=m,
Then the solution to :

WP —0 g — myx
adx2+bdx cy=0 is ly = (A + Bx)e™¥|
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Complex roots

If the auxiliary equation:

am® +bhm+e=0

with solutionn:

—b 4 BT — Aac —B — B — dac
i, = and s, =
2a 2ea
where:

mr, and e, are complex

Then the solutions to the auxiliary eqguation are complex conjugates. That 1s:
my, =+ 7 and m, =o — 73
Complex roors
Complex roots to the auxiliary equation:

crprr 4+ P 4+ = O

means that the soluation of the differential equation:

o * o
r ‘?,; S BEX <y = 0
efax™ efoc
is of the forimn:
3= ST IPIE | P la—sB)x

= & (Ae"‘ﬁ“ + Be "‘E")
Since:

e™* = cos fx + jsin fx and &P = cos Bx — jsin Fx
then:

Ae’* + Be /" = (4 + B)cos fix+ j(A— B)sin fix
=Ccos fx + Dsin fix

The solution to the differential equation whose auxiliary equation has complex
roots can be written as::

y=e&""(Ccos fx+ Dsin fFx)

Differential equations of the form:

2 i
ar —d '; + E:-d—']' + oy =0 where o, b and ¢ are contants
dx ofx

Anxiliary equation:
am” + bm + ¢ =0 with roots m, and m,

Rools real and different: Solution y = 4™ + Be™"
Roots real and the same: Solution » = (A + Bx)e™*

Foots complex (o = i/ Solution »y =" (Ccos fx + Dsin fFx)
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The characteristic equation of ¥" —y' —6y=0is
AP—A—6=0,
with roots @ = —2 and b = 3. The general solution is

= e 4 e, B

b

The characteristic equation of ¥ — 6y +9y =0 is A* —6A +9 = 0, with repeated root A = 3.
The general solution is

Wx) = e (c, +c,x). B

The characteristic equation of y” 42y + 6y =0 is A> +2A + 6 = 0, with roots —1 =+ +/5i. The
general solution is

Wx) = Cle:-1+...-’iu.r_I_‘_:eq—l—ﬁnx_ -

Solve the initial value problem
¥ =4y +53y=0; y(m) = =3,y (7)) =2.
First solve the differential equation. The characteristic equation is
A*—4A+53=0,
with complex roots 2=+ 7i. The general solution is

Wx) = ¢, cos(Tx) + e sin(7x).

Now
wm) = {‘Lt':r cos(Tw)+ t':r:"' sin{77) = —t‘lt':" = —3,
S0
c,=3e’"
Thus far
¥(x) = 372" cos(Tx) + ¢, sin(Tx).
Compute
¥(x) = 377726 cos(Tx) — T sin(Tx) ] + 2c,¢™ sin(Tx) + Teye™* cos(Tx).
Then
V(m) =372 (= 1)+ T’ (= 1) =2,
50

8
€, =— ie“z’.
The solution of the initial value problem is

y(x) = 3e "¢ cos(Tx) — ge‘:’el‘ sin(7.x)

= g2s=7) [3cos{?.r} - g sin(?.t}] . m



