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Transform near Homogeneous equation to Homogeneous

dy y+1 )
— = (Near Homogeneous equation)
dx x+2y

I- Lety+1=0—>y=-1

2- Let x+2y=0—>x=-2y >x=2
3- Replace y with y-1
4- Replace x with x+2
dy y—1)+1
5- Substitute x and y in the equation : —— = ( )

dx (x+2)+2(y—1)

dy y
dx X+2y

( Homogeneous equation)

6- Lety=ux—dy=udx +xdu
7- Continue to solve the equation to :

x=2yln(cy)

8- Letx=x+2 >x=x-2,and y=y-1—>y=y+]
x-2=2(y+l)In(c(y+l)

or x=2+2(y+l)In(c(y+1))

at x=2,y=0 —c=el=1

Le, x=2+2(y+1)In(y+1) (ans.)
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Linear equations — use of integrating factor

Consider the equation:
dy . )
—+S5y=e"
dx

A

Multiply both sides by e°* to give:

x 4 3 S 2 _d Sx i
e-“ — (351:'\'1- = (?b e--‘ tllﬂ[ is _(J_eb ) i (?7
dx e
then:
'[(I'(J-es‘l ): J.C‘?T‘(l'_\' SO t]lat '1.(35.\ - e';\ o
That 1s:

= e-.\ b C-G-S.\

A first-order differential equation is linear if it has the form
y(x)+ plx)y = g(x).
Linear equations — use of integrating factor
The multiplicative factor ¢>* that permits the equation to be solved is

called the integrating factor and the method of solution applies to
equations of the form:

ol + Py =0 where eI P is the integrating factor

dx

The solution is then given as:

y.IF = IQ-IFdx where IF = ejpdx
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The equation y'+ v = sin(x) is linear. Here p(x) = 1 and g{x) = sin(x), both continuous for
all x. An integrating factor is

E-'r JI,

or ¢*. Multiply the differential equation by ¥ to get

Ye' +ye* =e"sin{x),
or

(ve')Y = ¢*sin(x).
Integrate to get
: I :
yet= f e*sin{x) dx = 5 e* [sin{x) —cos(x)] + C.

The general solution is

1

== 5 [sin{x) —cos(x)]+ Ce™".

Solve the initial value problem

¥=32-2: w1)=5.

X
First recognize that the differential equation can be written in linear forin:

1 5
¥4+ —y=73x.
X

An integrating factor is e/0/04" — M) — + for x = 0. Multiply the differential equation by x

to get
xv v =3x%,
or
(xy) = 3x°
Integrate to get
3,
Yy = It +C

Then
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for x = 0. For the initial condition. we need

3
(1 =5=-— C
M) =5=2+

so € = 17/4 and the solution of the initial value problem is

3. 17
)= =y 4+ —
v(x) v ~

for x = 0. 11

As an example, suppose a tank contains 200 gallons of brine (salt mixed with water), in
which 100 pounds of salt are dissolved. A mixture consisting of ! pound of salt per gallon is
flowing into the tank at a rate of 3 gallons per minute. and the mixture is continuously stirred.
Mecanwhile, brine is allowed to empty out of the tank at the same rate of 3 gallons per minute

J— “-\:-.
glb/gal: (T
3 gal/min

S & o 3 gal/min

. ' " : e —
Now let 2(r) be the amount of salt in the tank at time r. The rate of change of Q(r) with i =

time must equal the rate at which salt is pumped in. minus the rate at which it is pumped out.

Thus

o .
ox = (rate in} — (ratc out)

s
{1 puunds) (‘galluns) ( (1) pounds , Eallons
~ \ 8 gallon “minute /  \ 200 gallon ) (" minule

This is the linear equation

3 3
Q'l: N+ ﬁ{? = E.
An integrating factor is /200 — 0020 Myltiply the differential equation by this factor to
obtain
3 3
QM0 T 3200 2 S0,
200 8
or
(QL_.’-r,-':l:lD]‘ __ E{_.‘l.n'll"ﬁ
g :
Then
3200
Ao 7 300
€ = +E,
e 83 °
50

o) =25+ ce™™™™,

Now
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oM =100=25+C
s0 C =75 and

O(1) =254 75732,

Q/ For the system shown in Fig (1):
i. Find the amount of salt in tank (3) after 3 hour.
ii. Derive the simultaneous differential equation that describe the change of salt amount in
tanks (2) and (3) (Do not solve it).

TANK 2

Fl
———l—
3 sl Pure waler I
Figure 1
Solution:

Let the amount of salt in tank1 at any time = Q (Ib)
Let the amount of salt in tank2 at any time = S (Ib)
Let the amount of salt in tank3 at any time = Z (Ib)

i- Tankl will be solved separately since there is no feedback from another tank { not
cycled)
Q'(t) = Insalt proportion * Inflow rate — out salt proportion * Outflow rate

Q(®)

Amount of solution

Q'(t) = Insalt proportion * Inflow rate — * Qutflow rate

or

t
Q'(t) =Sin — 9"‘(72 Foue
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Where
V=140gal , S, = Py, * Fip = 0* 7 (gal/min) =0 , F,,,, = 7 gal/min

Then
t
=0 -20.7 L ©= -5x02qW
Using linear cquation
Q'(t) + 5x1072Q(t) =0
The integrating factor is :
ejp(x)dx — eJ'leO'zdt — e,SxI('.)"Z t

Multiply the differential equation by this factor to obtain
Qf(t)esmo-’- t + 5x10~2 Q(t)eS"m_z =0
Or

(Q(r)es*107*t) = 0

Q(t)Bleo‘zt =c - Q) =c p—5%107% ¢

But we have from the initial boundary condition Q(0) = 3*¥140 = 420 Ib, then:
c = 420

and

Q(t) = 420 e5x107"¢

At t=3 hr (180 min) the amount of salt is:

Q(180) = 420 x ¢~5¥107°+180 — 9752 |

The system of differential equations for tank2 and tank3 are:

ds 7Q 115 47 as 115 __"_l'___z_21.e-sx10'2t___.__._._.__1'

% 140 100 " 120  dc 100 120

daz 11§ 117 dZ 11Z 115 _

LS T n 2

4t 100 120  dt " 120 100
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Using operating notation the system of eguations can be write as:

1 .
—_——— — —Sx107
(D + :mu) + 3u)z 2le

5+(D+£)E=U

100 120

The matrix of coeflicients is

1

4 = I{\ﬂ'l_mn T
[ (-39 o+
100 120

By Cramer’s rule:
(D +—) 21e5x107%¢

_ 100
AN = 11 ) o
( 100
21.2,—5:-:10_'?! __1_
Az = 30
11
o 0D+ —

120



