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Theorem 1
The first shift theorem can be stated as follows.
If F(s) is the Laplace transform of f(t) then F(s+ a) is the Laplace
transform of e ~*f(r).

Solution of differential equations by Laplace transforms
To solve a differential equation by Laplace transforms, we go through
four distinct stages

(a) Rewrite the equation in terms of Laplace transforms.

(b) Insert the given initial conditions.

(c) Rearrange the equation algebraically to give the transform of the
solution.

(d) Determine the inverse transform to obtain the particular solution.

Transforms of derivatives
L{r'(t)} = —f(0) + sL{f (1)}

L{f"(t)} = s*>F(s) — sf(0) — 1(0)
L{r™(t)} = s’F(s) — s*f(0) — sf"0) — ["(0)

we denote the Laplace transform of x by X, L{x} =X
_ L{x} = sx — xo

L{Z%} = s3% — s%2x0 — sx1, — X2
L{X} = s%% — s3x0 — s2x1 — sX2 — X3
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Solution of first-order differential equations

Example 1

Solve the equation % —2x =4 given thatatt=0, x=1.

We go through the four stages.
(a) Rewrite the equation in Laplace transforms, using the last notation

L{ix}=% L{Z}=..ccu..... , 4
L{x} =sX—xo; L{4}=-
L{4} =............ (x} oi L{d}=3
Then the equation becomes (sX — xp) — 2X = —;f
(b) Insert the initial condition thatatt=0,x=1, i.e. X0 =1
SosX—1-2x= 4
s
(c) Now we rearrange this to give an expression for X
X=ieriieinanns X = s+4
~s(s —2)

(d) Finally, we take inverse transforms to obtain x.

s+4 in partial fractions gives .......... > %

s(s — 2) s—2
Because
s+4 _A B , _
(1) Put(s—2)=0,ie.s5=2 .. 6=DB(2) . B=3
(2) Puts=0 S 4=A(-2) L A=-2

s+4 3 2
s(s—2) s—2 s

Therefore, taking inverse transforms

_yf s+4 | _ ) 3 2] _
x=L {8(8—2)}_L1{S—2 s}_ ...... x=3e2t -2

LX=
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Example 2

Solve the equation % +2x = 10¢* given that at t = 0, x = 6.

(a) Convert the equations to Laplace transforms, i.e.

- - 10
(SX—XO)'I'ZX—STg

(b) Insert the initial condition, xo = 6

SX-6+2x= 103 Because
A T 6-8 _ A B
(c) Rearrange to obtain X = .. x=m (5+2)(s~3) s+2 s5-3
.. 65-8=A(s-3)+B(s+2)
(d) Taking inverse transforms to obtain x (1) Put (s—3)=0,ie.s=3 .. 10=B(5) B=2
X=L_1{ 65 —8 } () Put (s+2)=0,1e.s=-2. . -20=A(-5) .. A=4
(s+2)(s-3) . 658 4 2
JoX= =
+2)(5-3) s+2 5-3
S R
Jox=L {m+—3} 4% 128
Example 3
Solve the equatlon%—flx—Zez‘ +¢e*, given that at t =0, x = 0.
- - 2 1
@) (sx—xo)—4x_s_2+s_4
- - 1
(b) xo=0 .. Sx-4x_s—z+s—4
© .. X= 2 + 1
N (s-2)(s—4) (s—4)®
2 A B . h
(d) (5—2)(s—4) py—) 5ts—2 S.2=A(s—4)+B(s—2)
Putting (s—2)=0,ie.s=2 .. 2=A(-2) .. A=-1
Putting (s—4)=0,ie.s=4 .. 2=B(2) S B=1
7= 1 _ 1 + 1
CTos—4 s-2 (s-4)°

= et eZt + te‘“
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Solution of second-order differential equations

Example 1
d?x _dx e
Solve the equation FTo BE+ 2x = 2¢*, given that at t=0, x=5
dx
and a =17.
(a) We rewrite the equation in terms of its transforms, remembering
that ]  52-235426
L{x} =X (¢) Rearrange to obtain x=...| X = C-D6-2)6-3)
L{x} = sx — xg
. _ Because
L{Z} = 2% - sxp - x, )
The equation becomes ............ SX-5s-7-3sX+15+ 22 = 3
2 —35+2)E-55+8=—o
(szi-sxo—xl)-3(Sf-xo)+2i=;£§ (5°~3s+2)x-5s+ s-3
_ -
(s-1)(5—2)2=%+55—8=2+5“S_233”24
(b) Insert the initial conditions. In this case xo =5 and x; =7 . 55 — 235+ 26
(525-55—7)-3(si—5)+2:?=;—f-—5 (s-1)s-2)(s-3)
(d) Now for partial fractions
5°-235+26 __ A B C
(s=1(s-2)(s-3) s-1 s-2 s=-3
o 552 -235+26=A(s—2)(s—3)+B(s—1)(s—-3)+C(s — 1)(s - 2)
SothatA=............ ; B=.iiiinnnns ; U
4 1 A=4; B=0;, C=1
X= -
s—1 s-3

X = x = 4¢' + e

------------
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Solve X + 5x + 6x = 4t, given that at t =0, x =0 and x = 0.

. - _ _ 4
As usual we begin (szx — SXg — X1) + 5(sX — xp) + 6X = o

X0 =0, %, =0 .. (52+SS-1-6)JY=-$i2
Y 4
T T S2(s+2)(s+3)

The 52 in the denominator can be awkward, so we introduce a useful
trick and detach one factor s outside the main expression, thus

1 4 _1f4, B _ C
TS GG+26+3) T s\s 's+2 " 5+3

Applying the ‘cover up’ rule to the expressions within the brackets

121 2 4 1
s|16°s (s+2) 3's+3

I

x
Now we bring the external —1; back into the fold

Z 1 2 4 1

X f‘:‘o—'s_?:_s(s+2)+-§'s(s+3)

and the second and third terms can be expressed in simple partial
fractions so that

Dr. Mahmoud Fadhel

21 1.1 41 4 1
T 3's2 s s+2 9°s 9s+3
which can now be simplified into
. 21 51 1 4 1 2, S5 4 3
*T3® 95 542 95+3 x=gt-g+teT —5¢

Example 1

Solve the pair of simultaneous equations
y—x=¢e
x+y=et

given that at t =0, x =0 and y =0.

(a) We first express both equations in Laplace transforms.
1

s—1
1

s+1

(b) Then we insert the initial conditions, xo = 0 and yp = 0.
1

s—1
1

s+ 1

(s¥ —yo) —x =

(X —x0)+y =

ol
I

LN

(%]

_|_

4
I
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() We now solve these for X and ¥ by the normal algebraic method.
Eliminating y we have

g1
4 T s—1
sp + s2x% = ad
s+1

_ 2 1 s2-2s—-1

(s> + 1)z = 1 s—1 (G+1D)E-—1)

.= s2-2s—1
T T (s=1D(s+ 1)(s2+ 1)

Representing this in partial fractions gives ............

g1 1 1.1 s 1
T 2's—1 2's+1 52+1+52+1

Because
s2 —2s—1 A 4 B Cs+D

- DGF D2+ s—1's¥1 41
S S2—25s—1=A(G+1)(s*+1)+B(s —1)(s*+1)
+(s—-1)(s+ 1)(Cs+ D)
Putting s=1and s= —1 givesA=—-1and B= —1.

Puttings=1and s= —1 givesA=—-1and B= -1
Comparing coefficients of s® and the constant terms gives C = 1 and
D=
1 s+ 1
S¥1s2+1

N =
%)
l
e
N =

x=—3e' — e '+ cost+sint

We now revert to equations (1) and eliminate X to obtain y and hence
¥, in the same way. Do this on your own.

Y = e

y=3et+3e !t —cost+sint
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Example 2
Solve the equations
2y — 6y +3x =0
3x —3x—2y =0
given that at¢t =0, x =1 and y = 3.
Expressing these in Laplace transforms, we have
2(sy —yo0) — 6y +3x=0
3(sX —x0) —3x—2y =0
Then we insert the initial conditions and simplify, obtaining

3+ (25s —6)y =6 (1)
Bs—3)x—2y =3 (2)
(a) To find x
(1) IX+2s—6)y =6
(2) x (s —3) (s —3)(3Bs—3)x — (25 - 6)y = 3(s — 3)
Adding, [((—3)3s—3)+3]x=35s—9+ 6

(352 —12s+12)x =3s— 3
(s? —4s+4)x=s—1

3 = s—1 _ A B A(s—2)+B
G-27 5-2 -27  (-27
.s—1=A(s—2)+B giving A=1 and B=1
— 1 1
X =

- —_— r
.*;‘—2_|_(.s——2)2 o= - te
(b) Going back to equations (1) and (2), we can find y.

y = 1 {6€e?t + 3te?t}

Because, eliminating X we get

_ 65—9 A(s —2) +B
Y=o —22 " 2 s—2 (s—- 2)? (s — z)2
65-—-9—A(s-—2)+B . A=6; B=

. - —1
Sy = {S__ (s—z) } oo y=131{6e% + 3te?t}




