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Example

We will find the Fourier series of f{x) =x" on [—1, L]. Since f is an even function, ¥* sin{nyx)
is odd and we know immediately that all the sine coefficients b, are zero. For the other

coelficients, compute:
. 4 i 4 1
a, :] vdy= Zf rdr=r=,
-1 o 5

and

1
qa = f xeos(nmx)dx
=

L

I wa =6
— 9 4 - I« IR e PO B
= ._-[} Feos(nmi)dr =8 T (=1)".

The Fourier series of +* on [—1,1] is

1 X wa—6

2 + E SWI- 1)" cos(nwx).

To again make the point about convergence, notice that f(0) =0 1n this example, but the
Fourier series at x =015

'| 'I

], = .
3 ZI [—1}

[t 15 not clear whether or not this senes sums to the function value 0.

Example

Let f(x) = x" for —4 < x < 4. Because f is odd on [—4, 4], its Fourier cosine coefficients are

all zero. lis Fourier sine coeflicients are
4

b= %-L X ﬁin(”:t):f_r

:l]:r “n("“)dr_[ n"*'ns i

& P’
The Fourier serics of x* on [—4. 4] is
-6 nix
aely -
Z{ DT Yk 1|n( 1 ).
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n=1
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conclusions:

If f is even on [—L, L]. then its Fourier series on this interval is
1 nwx
—uo+Z¢r co';( )
L
in which

a, 1[ f(\)cos:(lL )dx for n=0,1,2,....

If fis odd on [—L, L]. then its Fourier series on this interval is

Z b, sin ("“ ‘)

where

b, L-[ flx )cm Hfl)d.\' for n=1.2.....

The Trigonometric Fourier series

If x (¢) is a periodic signal with fundamental period (7,), then we can expand it as
follows:

x(t)=a, +a;cos(m,t)+a,cos(2a,t) +---
+b sin(w,t) + b, sin(2a,t )+

2 5
=a, + Y |a, cos(na,t)+b, sin(na,t)]
n =l

where @, = 27Z:f0 =27 ;’(TO‘

_ T
d, = ]~—joo x (r)dt (the constant term)
o

i

o] (0]
Odd functions have no cosines; even functions have no sines.

2 .
1 ]?I‘{o x (t)cos(na,t)dr . b, = _L)TO x (t)sin(na,t)dr
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x(t)=—+—[sm(a,r)+ isin(3(:)0r )+ lsin(S(?)Or )+...]
Z =B 3 5 '

-

S(f)=—+—[cos((oor)—lcos(3(ooz‘)+lcos(Sa)Or)+...]_
2 K 5

27
b, =—=7x.

T

(@]

The Exponential (Complex) Fourier series:

Using Euler formula, we can write the trigonometric Fourier series in the exponential
form:

where ¢, 1s given by:

1~

l - 2Ny
Cpn = 7 [ f(x) e dx

[

¥



Civil Engineering Department f/' i, Third Stage

Analysis Engineering gty B 3 Dr. Mahmoud Fadhel
Lecture No. 5 i v &
E’& Jwﬁm&‘

Relationship between Complex and Trigonometric Series Coefficients:

Co a ’ 2(“” jb ). and & 2(.:’:”4*15”}.

Problem 1. Determine the complex Fourier
series for the function defined by:

0. when —2<=x<-—1
Fx) = 5., when —1 <x <1

0. when |l =w=<?2

The funcuion i1s periodic outside this range of

period 4.
1o

1 1 1
-5 4 -3 -2-1 0 1 2 3 4 65 X

f(x)

—
—

L=

- 2
;f(.‘o) = E (‘” C! L

n=—0C

where ¢, 1s given by:

(] |

I - 2ny
(‘”:Z[_ f(\) 4 dx

r.d"'-
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whenl = 4.

I _| ] _'Tl'l‘
(.”:1{[ Odx + [ Big 4 dx +[ Udl}
—2 J =1

[—fffl
I ! ey d_ S L‘ s
= — iy NS 2 Y — —
a I 4 VET
. -1
—5 [ _a'rnlt] 1 —5 ( )T &)
= e 32 = - S = 2
J2rn i J2Tn
+ ZTH = TTR
5 ¢/ T — 713
T 2
5 . mn
= —— sIn
bedl 2

Fourier series is given by:

~ > S mn - X
Fix) = Z.(”L = Z Es‘mT e’ 2
n=—00 n=-=00
| (3 | [
0= dg = — d. Sdx
co = do L[_L f(x)dx 45[_] dx
5 g 8 3
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Since ¢, = sin —. then
T 2
i N < )
c] = —sIn — = —
T 2 b/ 4
¥ .
cy = —sina = 0
2

(in fact. all even terms will be zero since
sin o =0)

S | mn > . 3w s
3 — — sIn — s1n —e———
mn 2 3 2 3
By similar substitution,
5 5
cs = — c7 = —— . and so on.
S T
Similarly,
5 | —=m S
. == sin — = —
— T 2 T
5 —27
e = sin == ¢e_35 —€c_g, and so on
2 2
i s
5 — 3T 5
Cog = — sin = -——
3 2 RY/ 8
5 . —5m 5
C_g =— — sin = . and so on.
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