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1- Fourier Concept

2- Fourier series , and Fourier coefficient
3- Fourier transform

4- Inverse Fourier transform

5- Fast Fourier Transform (FFT)

1- Fourier Concept
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Fourier series
A Founer series is a representation of a function as a series of constants times sine and/or

cosine functions of different frequencies.

Periodic functions

A function f(x) is said to be periodic if its function values repeat at
regular intervals of the independent variable. The regular interval
between repetitions is the period of the oscillations.
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Harmonics

A function f(x) is sometimes expressed as a series of a number of
different sine components. The component with the largest period is
the first harmonic, or fundamental of f(x).

y =A;sinx is the first harmonic or fundamental
y=Azsin2x is the second harmonic
y = Az sin 3x is the third harmonic, etc.

Non-sinusoidal periodic functions
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Analytic description of a periodic function

®
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(a) Between x=0and x=4, y =3, i.e. f(x)=3 O<x<4
(b) Betweenx=4and x=6,y =0, i.e f(x)=0 4<x<6

Fx) = 0 4 <x<6

{3 O<x<4

: |
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(@) Betweenx=0and x=2,y=x ie. f(x)=x O<x<2
(b) Behveenx=2andx=6,y=—%+3, i.e.f(x)=3—% 2<x<6

X O<x<2
f0= 3_%X 2<x<6

2
flx+6)=f(x).



Civil Engineering Department P\

i
Analysis Engineering o .\ﬁ] \LI\ Third Stage
Lecture No. 4 [ gmyg‘}' Dr. Mahmoud Fadhel

f(x)=%x 0<x<8
f(x+8)=f(x)

Integrals of periodic functions
The integrals are those of sines, cosines and their combinations

where the integration is over a single period from —= to =«

thdx = [x]:r =27

I;cosnxdx= [smnx]“ (n # 0)

n -
_sinnr _ sin(—nn) sin(-x)=-sin(x)
T on n
= 0 because sinnr =0

J sinnxdx =0 ’ r sinnxdx = [wcoi ’ (n # 0)
cosnm  cos(—nm)
=— +
n n

=0 Dbecause cos(—x) = cosx

Wil
Jﬂ cosZnxdx = i Zrzix +1 dx because cos2A4 = 2cos?2A — 1
- o =

[sin2nx x

- [, z] (n £ 0)

-

__sin2nnw % Ll sin(—2n) _ (—=)
T 4n 2 4n 2

=T
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r sin? nxdx = r l-_'[:':)——izﬂch: because cos24 =1 — 2sin?A
—r -

2
x sin2nx]”
- [E—TL (n#0)
_ 7 _sin2ar_ (—m) N sin(—2nm)
T2 4n 2 4n
=7

Orthogonal functions

If two different functions f(x) and g(x) are defined on the interval
a<x<band

b
| Foseyax=o

the two functions are orthogonal

rcosmxcosnxclx=0 form#n
r sinmxsinnxdx=0 form#n

and

r cosmxsinnxdx =0
-

Given that certain conditions are satisfied then it is possible to write a
periodic function of period 27 as a series expansion of the orthogonal

periodic functions

if f(x) is defined on the

interval —m < x < = where f(x + 2nr) = f(x) then

00
f(x)= %q + Z(“" cos nx + by sin nx)

n=1

an and by are constants called the Fourier coefficients. or Euler Coefficients
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To derive the Fourier series equation, Let f(x) periodic function, have interval time
o, f(x) = ¢, sin(x+a,), where n =1,2,3, .... n. we can obtain;

f(x)=co+epsin(x+ay)+ezsin(2v+ay )+

+C, sin(n.\‘ +a, ) 4o

sin(a + b) = sin(a)cos(b) + cos(a)sin(b)
f(\.) =cp + ¢ (sin(x)cns(al) + cﬂs(.t)sin [al ))
+¢3 (sin(2x)cos(a, ) + cos(2x)sin(e; ) + ..
+c,, (sin(nx)ms(af" ) + ms(m:)sin(a" )) o
f(.\') =co+ {("l sin (al ))cos{.\') + (c?_ sin(az ))COS(Z.\')
+...+ (c" sin(a" ))cos(nx) B }
+{(c1 cos(al ))sin(.\‘) + (cz cos(az ))sin(z.\') + e
+(c" cus(an )) si n(n.\') +-- }

ag =¢q, a; =c¢;sin(a ), i ey =Ly sin(a")

b =¢ cos(al ), by =c; cos(az ), oy =y cos(a,,)
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So that,

f(x) =ay +a, cos(.\') +a, cos(Z.\') +ay cos(S.\‘) Fmee
+a, cos(n.\') +eevt By sin(.\') + b, sin(z.\-)
+bysin(3x)+--- + b, sin(nx) +---

Finally the periodic equation is,

f(\) =ag + i (a” cos(n.\') +b, sin(n.\‘))

n=1

Which represent the Fourier series, Where,

ffG,; a» and b-

:% ff{ dx

b, . I S(x)sin(mx)dx,  n>1

= 1

x
= I f(.\ )cm(m )d.\. n>l

-X

. Qo
flx)= > Z a, cos(nx)+ b, sin(nx))
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n>l

nxl

b, sin (n.\' ))
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Example
14 Find the Fourier series for the

function shown.

—— — ——

Xx=—mand x = .

L
-« -z 0 z g X
0 — LX< —=
The function can be defined by f(x) = { 4 —-g-::x {%
0 %{X{T
f(x+2m) = f(%).

o0
f(x) =%ao + > {an cosnx + b, sin nx}

n=1

do =7—1r£wf(x}dx |

1 —w/2 /2
ao =1 J de+r 4dx+r 0dx
—w/2 w/2

-

wf2
= 2 [4.2] . apg =4
T —n/2

ap =%£wf(x) cos nx dx

Consider one cycle between

—rf2 /2
a,,=%{] (0) cosnxdx + 4cosnxdx+r (0)cosnxdx}
/2

-7 —1‘(}‘2
a —isinE
" wn 2
If n is even an =1
8
Ifn=1,5,9,... dy — —
nmw
8
=3, &Il an = ——
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b,=—] f(x)sinnxdx
T)enm
1 —af2 /2 T
by =~ j (0)5innxdx+r 4sinnxdx+J (0) sinnx dx
T | Jr —mf2 xf2
4 (2 4 [—cosnx]™?
=—r smnxdx:—[—]
T Jx/2 ™ n —n/2
4 nr —n
= ——1<9CO0S— — COS|——) ¢+ =0 C.bp=0
nmr 2 ( ZW)} "

8 1 1 1
f(x) = 2+;{cosx —gcos?:x +§c055x —?cos7x+ }

Example

Determine the Fourier series to
represent the periodic function

shown.

1 2 1 2 x
@y = ;L f(x)cosnxdx*_;‘lﬂ (E cosnxdx

2
= — [ x cosnx dx
2ﬂ_n

integrating by parts; _[u dv =uv— _[vdu (Integration by parts)
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1 (% 1 xsinnx]%"
an=—J xCOSnxdx=-—-{[———]

5 {©-0 - L@} -0 . an=0

1%
(©) bp == [(x)sinnxdx
TJo

1
b, = —
f(x) = % . {sinx + %sin.?,x + %sin?,x + .. }
Example
Find the Fourier series for the function defined by ap = l [ £(x) dx
fix)=—x —-r<x<0 )=
2% - 0 - 20 X b, = %-: f(x)sinnxdx
a0 =1

@ w3 oae-2f oo [5] -3

(b) To find a,
1 2 )
anp = ;ﬁﬂ f(x) cosnxdx n = ——3 (nodd); 0 (neven)
Because

a":%r F(x) cosnxdx=;r1- (—x) cosnx dx

=—l xcosrnxdx

—-_T

< (1}
=_1{[x51nnx] —lr sinnxd.x}
T n e MJ_
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=—%{(0—0) _%[:?2;1"]:} = — {1 — cosnr}

But cosna = 1 (n even) or —1 (n odd)

S Qp=— ﬂ_—i—i (nodd) or0 (neven)
1 1
(c) bn b, = — = (n even) or - (n odd)

b= %r f(x)sinnxdx = %r (—x) sinnx dx

= —zr X sin nx dx
iy

) 2 ome

m
B 1{wcosnw+1[smnx } cos nr
™ n

n
b . (n even); L n odd
S b= —— even); — )
x 2 1 1
,r‘”(x)_T4 ;(cosx+9cos3x+§-§c055x+ )

1 . : 1.
+(smx—Estx+§sm3x—zsm4x+...)

Example

Let f(x) = x for —m < x < 7. We will write the Fourier series of f on [—ar, 7). The coefficients

are:
T : fwth—ﬂ
do=— - dx =0,
l k-3
i, = —-f xcos(nx)dx
W=z
| X =
=[ . s .r)+—sm(n.r}] =0,
n- w s
and

b= l! xsin{nx)dx

T
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[ 1 X ]’
= | = sin(nx) = — cos(nx)

nw n
2 2

= —Zcos(nm) = =(=1)"*',
n n

since cos(nm) = (—1)" if n is an integer. The Fourier series of x on [—7, 7] is

=

Ira

(=1)"" sin(nx) = 2sin(x) = sin(2x) + %sin(l\') - ;l;sin(-l.r) - ; sin(Sx)—---.

—

In this example the constant term and cosine coefficients are all zero, and the Fourier series
contains only sine terms.

Example:
Find the Fourier Series for the function defined by:

fxX)=|x|; m<x<m

Solution |x| = {;x .;xe<00
T 0 *
1 1 5
apg =— X)dx =— I—.‘d."l"[.'d-' == 3
°2;:If(‘)‘ 7 R S
- -t O

1 4
a, :% I f(.\')cos(n.\')a{t :i I |x|c0s(nx)dx
-7 -z

0 T
2(cos -
=1 I —xcos(nx)dx +I.\'cos(nx)dx " (co"(”’:) )

n
o 0 n

1 f . 3 . P pp—
B.— ;_'[rf(.\)sm(n.x)d\ =

o0 Slaakt A1) 98 Alidiazs 0B LWLy

243 2 (cos(nm) ~1)cos(ny) V.
:2 n

n=1
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EXAMNMPLE :

Find the Fourier Series for the function defined :

: -r=a <0

f(x)= {“n( ) ‘; 0< v<

Solution

. 4 1] T
ag = ﬁ I f(.\')dx == 2—;:[ I Odx +Isin(.\')ﬂ[‘t} =i 3
- b 4 0

ki i
ay, :% J. f(..\‘)COS(H..\‘)t’-".\' = i‘[sin(x)cox (M.\‘)fh‘
- 0

£l

_ cos :(1 - n).\': cos :(1 + n)x: r 1+ cos(nr)

‘ (")

v =1 B3 | 2w(1-n)  27z(1+n)

=— J. S (x)sin(nx)dx ——Isnn( )sin(nx)dx
sm[(l—n)\:l

- 27 (1—n) 27z'(l+n)

i
=0;n=1 ay =lIsill(.\')C(ls(.\‘)(£r =1
/4

plins n=1 V- &

p 1 V.4
= %!sinz (x)d.\: = %{(1 — cos(Z.\*))d\* = %

Fourier series is :

1 1. 1 — 1+ma(u:«'r) _
_+Eam(x}+;}§2 1_”1 i:m(n.'-.}

-----------------------




