
 
The Fourier Transform 

 

 

Fourier Series (FS) applies only to periodic signals, with a period T0 and a fundamental frequency: 

         f o =1/To.        As To →∞,  

The signal becomes non-periodic and its FS will tend to the Fourier transform (FT), F (.), which is normally 

defined as a Fourier transform pair since the time signal can be obtained by the inverse transformation F −1 (.): 

 
 

Where equation (1) called Fourier transform equation, and equation (2) called inverse transform of Fourier 

equation. 

 
 

The Fourier  transform (FT) reveals the frequency content of the signal, known as the spectrum, and the 

frequency behavior of the system, known as the transfer function or frequency response. The Fourier 

transform X (f) of the real time signal x (t) is generally complex. 

It is normally plotted as magnitude X (f) vs. frequency f (magnitude spectrum) and phase ∠  X (f) vs. 

frequency f (phase spectrum). For systems, these quantities are called the magnitude response and the phase 

response. 

We’ll be interested in signals defined for all t the Fourier transform of a signal f is the function  

 
• F is a function of a real variable ω; the function value F(ω) is (in general) a complex number 

 
• |F (ω)| is called the amplitude spectrum of f; ∠    F (ω) is the phase spectrum of f 



 
• Notation: F = (f) means F is the Fourier transform of f; use uppercase letters for the transforms (e.g., x (t) and 

X (ω), h (t) and H (ω), etc.) 

 

- This equation (𝑓(𝑡) =
1

2
𝑎0 +  ∑ {𝑎𝑛 cos 𝑛𝜔𝑡 + 𝑏𝑛 sin 𝑛𝜔𝑡}∞

𝑛=1 ) is representing the Fourier series (FS) 

equation. 

- This equation (𝐹(𝜔) =  ∫ 𝑓(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡
∞

−∞
) is representing the Fourier Transform (FT)         equation. 

- This equation (𝑓(𝑡) =  
1

2𝜋
∫ 𝐹(𝜔)𝑒𝑗𝜔𝑡𝑑𝜔
∞

−∞
) is representing the inverse Fourier transform equation. 

 

 

 

 

 

 

 



 
Examples 

1-  One-sided decaying exponential 

 
 

F (ω) = ∫ 𝑓(𝑡)
∞

−∞
  𝑒−𝑗𝜔𝑡  𝑑𝑡 = ∫ 𝑒−𝑡∞

0
  𝑒−𝑗𝜔𝑡  𝑑𝑡 

 

  = ∫ 𝑒−(1+𝑗𝜔)𝑡𝑑𝑡 =   
−1

1+𝑗𝜔
𝑒−(1+𝑗𝜔)𝑡]

∞

0
∞

0
 

      =
𝟏

𝟏+𝒋𝝎
 

 

 

For       𝑓(𝑡) =  {
0        𝑡 < 0

𝑒−𝑎𝑡      𝑡 ≥ 0
    

F (ω) = ∫ 𝑓(𝑡)
∞

−∞
  𝑒−𝑗𝜔𝑡  𝑑𝑡 = ∫ 𝑒−𝑎𝑡∞

0
  𝑒−𝑗𝜔𝑡  𝑑𝑡 

  = ∫ 𝑒−(𝑎+𝑗𝜔)𝑡𝑑𝑡 =   
−1

𝑎+𝑗𝜔
𝑒−(𝑎+𝑗𝜔)𝑡]

∞

0
∞

0
 

      =
𝟏

𝒂+𝒋𝝎
 

If a = 1, become the Fourier transform equal   
1

1+𝑗𝜔
 

 

2- double-sided exponential: 

 

 

 
 



 
3-  

 
 

 
 

Example 

Determine the inverse transform, if the Fourier transform F (ω) are given as; 

𝐹(𝜔) = {
1     |𝜔|  ≤ 𝜔𝑐   

0       𝜔𝑐 < |𝜔| ≤ 𝜋
 

Sol: 

𝑓(𝑛) =
1

2𝜋
∫ 𝐹(𝜔)𝑒𝑗𝜔𝑛𝑑𝜔

∞

−∞

 

 

   𝑓(𝑛) =
1

2𝜋
∫ 𝑒𝑗𝜔𝑛𝑑𝜔

𝜔𝑐

−𝜔𝑐
 = 

sin 𝜔𝑐𝑛

𝜋𝑛
                           𝑛 ≠ 0 

For n=0, we have 



 

𝑓(0) =
1

2𝜋
∫ 𝑑𝜔 =  

𝜔𝑐

𝜋
  

𝜔𝑐

−𝜔𝑐

 

Hence 

𝑓(𝑛) = {

𝜔𝑐

𝜋
               𝑛 = 0

𝜔𝑐

𝜋

𝑠𝑖𝑛𝜔𝑐𝑛

𝜔𝑐𝑛

  𝑛 ≠ 0 

 

 


