
 كلا الفرعين -الثالثةالمرحلة  -قسم هندسة تقنيات الحاسوب   - كلية الهندسة-المعارف  جامعة  
Department of Computer Engineering and Technology 

BY:K.DAWAH .ABBAS 

 
 

      Laplace transforms help in solving the differential equations with boundary 

values without finding the general solution and the values of the arbitrary con 

Laplace Transform used for analog  signals 
 
  

Definition. Let f (t ) be function defined for all positive values of t, then.      

 
The integral exists, is called the Laplace Transform of f (t).It is denoted as 

 L is called the Laplace transform operator 

    where  is a complex variable   S= 𝜹 + 𝒋𝒘 

1.3 
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0 ≤ (variable t) < ∞ 

Derivetive  Integral  

 (+) t 𝒆−𝒔𝒕 

(-)  1 𝒆−𝒔𝒕

−𝒔
 

(+) 0 𝒆−𝒔𝒕

𝒔𝟐
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𝐞𝐢𝐱 = 𝐜𝐨𝐬𝐱 + 𝐢𝐬𝐢𝐧𝐱   
 

sinx= , cosx= 
𝒆𝒊𝒙+𝒆−𝒊𝒙

𝟐
 sinhx=  ,coshx= 

𝒆𝒙+𝒆−𝒙

𝟐
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BY using direct method from important formula find Laplace transform of 

1+cos2t SOL//    L|1+cos2t| = L|1|+ L|cos2t| = 
𝟏

𝒔
+

𝒔

𝒔𝟐+𝟐𝟐 = 
𝟏

𝒔
+

𝒔

𝒔𝟐+𝟒
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Example 3:Find (  L.T) for the following : 

𝒆𝟐𝒕 -f(t)= K+ sin3t -1                           

          Solution   ///  

L|f(t)=L|K|+L| sin 3t|  - L|𝒆𝟐𝒕| 

       F(s)=
𝒌

𝒔
 +

𝟑

𝒔𝟐+𝟑𝟐  - 
𝟏

 𝒔−𝟐
      

cosh 4t +sinh 3t +12f(t) =  -2                          

                   Solution                                                                     𝐅(𝐬) =

  
𝒔

𝒔𝟐−𝟒𝟐 +
𝟑

𝒔𝟐−𝟑𝟐 +  
𝟏𝟐

𝒔
      

                                𝐅(𝐬) =   
𝒔

𝒔𝟐−𝟏𝟔
+

𝟑

𝒔𝟐−𝟗
+  

𝟏𝟐

𝒔
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1/ Linearity property: 

If c1 and c2 any constants while 𝑓1(𝑡)𝑎𝑛𝑑 𝑓2(𝑡) are functions with Laplace 

transformation then:  

ℒ[𝑐1𝑓1(𝑡) + 𝑐2𝑓2(𝑡)] = 𝑐1 ℒ [𝑓1(𝑡)] + 𝑐2 ℒ [𝑓2(𝑡)] 
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L{𝒚′′′′} = 𝒔𝟒𝒀(𝒔) − 𝒔𝟑𝒚(𝟎) − 𝒔𝟐𝒚′(𝟎) − 𝒔𝒚′′(𝟎) − 𝒚′′(𝟎) 

 

 

5/Multiplication by (t) 
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.      
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EXAMPLE 
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 partial fractions.
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case/2 
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𝐚𝐱𝟐 + 𝐛𝐱 + 𝐜 = 𝟎 

൤
𝒃

𝟐
൨

𝟐
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 L{𝒚′′′′} = 𝒔𝟒𝒀(𝒔) − 𝒔𝟑𝒚(𝟎) − 𝒔𝟐𝒚′(𝟎) − 𝒔𝒚′′(𝟎) − 𝒚′′(𝟎) 

 

(0) = −3y′(0) = 1, y= 0, y ′ + 5y″ − 6y: Example 
[Step 1] Transform both sides 

L{y″ − 6y′ + 5y} = L{0} 

𝒔𝟐L{y} − s y(0) − y′(0)) − 6(sL{y} − y(0)) + 5L{y} = 0 

[Step 2] Simplify to find Y(s) = L{y} 

𝒔𝟐L{y} − s −(−3)) − 6(s L{y} − 1) + 5L{y} = 0  

(𝒔𝟐 − 6 s + 5) L{y} − s + 9 = 0 

(𝒔𝟐 − 6 s + 5) L{y} = s − 9 

[Step 3] Find the inverse transform y(t) 

Use partial fractions to simplify, 

Y(s)=
𝒔−𝟗

𝒔𝟐−𝟔𝒔+𝟓
 = 

𝒔−𝟗

(𝒔−𝟏)(𝒔−𝟓)
 = 

𝑨

(𝒔−𝟏)
+

𝑩

(𝒔−𝟓)
   /*(𝒔 − 𝟏)(𝒔 − 𝟓)  

s-9= A(s-5) +B(s-1)………….. Equating the corresponding coefficients: 

1 = A + B         ∴    A = 2 

−9 = −5A − B         ∴        B = −1 

 

Y(s)=  
𝟐

(𝒔−𝟏)
+

−𝟏

(𝒔−𝟓)
  =>    y(t) = 2𝒆𝒕 − 𝒆𝟓𝒕        Answer 

 

 

     Example: y′ + 2y = 4t 𝒆𝟐𝒕, y(0) = −3. 
      L{y′ + 2y} = L{4t 𝒆−𝟐𝒕} 

     (sL{y} − y(0)) + 2L{y} = L{4t 𝒆−𝟐𝒕} =
𝟒

(𝒔−𝟐)𝟐
  

(s + 2) L{y} + 3 = 
𝟒

(𝒔−𝟐)𝟐
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Y(s)(s+2) =
𝟒

(𝒔−𝟐)𝟐
 -3 

Y(s)= 
𝟒

(𝒔+𝟐)(𝒔−𝟐)𝟐
  - 

𝟑

(𝒔+𝟐)
 = 

−𝟑𝒔𝟐+𝟏𝟐𝒔−𝟖

(𝒔+𝟐)(𝒔−𝟐)𝟐
 =

𝑨

(𝒔+𝟐)
+

𝑩

(𝒔−𝟐)
+

𝒄

(𝒔−𝟐)𝟐
    /*(𝒔 + 𝟐)(𝒔 − 𝟐)𝟐 

Y(s) = −𝟑𝒔𝟐 + 𝟏𝟐𝒔 − 𝟖 = A((𝒔 − 𝟐)𝟐  +B( 𝒔 − 𝟐 ) (𝒔 + 𝟐) + 𝑪(𝒔 + 𝟐) 

Let s=0     ,     -8 = 4A-4B + 2C    ………(1) 

Let  s= 2   , −𝟑(𝟐)𝟐 + 𝟏𝟐(𝟐) − 𝟖 = 𝑪  (𝟐 + 𝟐)    

-12 + 24 – 8 =4C 

4=  4C     >>>>C=1` …………….(2) 
Let s = -2  , −𝟑(−𝟐)𝟐 + 𝟏𝟐(−𝟐) − 𝟖 = A((−𝟐 − 𝟐)𝟐   

-12 -24 -8 = 16A 

-44= 16A    ∴ A= 
−𝟏𝟏

𝟒
  

Substituting in( 1)   ……B =
−𝟏

𝟒
 

Y(S) = 
−𝟏𝟏

𝟒(𝒔+𝟐)
+

−𝟏

𝟒(𝑺−𝟐)
+

𝟏

(𝒔−𝟐)𝟐     

y(t)=𝓛−𝟏| 
−𝟏𝟏

𝟒(𝒔+𝟐)
| + 𝓛−𝟏|

−𝟏

𝟒(𝑺−𝟐)
| + 𝓛−𝟏|

𝟏

(𝒔−𝟐)𝟐 |     

y(t)=
−𝟏𝟏

𝟒
𝒆−𝟐𝒕 −

𝟏

𝟒
𝒆𝟐𝒕 + 𝒕𝒆𝟐𝒕 

 

NOTE///𝓛−𝟏|
𝒔

(𝒔−𝒂)𝟐
| =𝓛−𝟏|

𝒔−𝒂+𝒂

(𝒔−𝒂)𝟐
|=𝓛−𝟏|

𝒔−𝒂

(𝒔−𝒂)𝟐
|+𝓛−𝟏|

𝒂

(𝒔−𝒂)𝟐
|=[𝒆𝒂𝒕 + 𝒂𝒕𝒆𝒂𝒕] 

 

                    y'' – y = 𝒆𝟑𝒕       , y(0)= 0 , y'(0) =0           

solution: 

      𝐬𝟐𝐘(𝐬) − 𝐬𝐲(𝟎) − 𝐲′(𝟎) − 𝐘(𝐬) =
𝟏

𝐬−𝟑
 

            𝑠2𝑌(𝑠) − 𝑌(𝑠) =
1

𝑠−3
 

             Y(s)[𝑠2 − 1] =
1

𝑠−3
 

             Y(s)= 
1

(𝑠−3)(𝑠2−1)
 =

𝐴

𝑠−3
+

𝐵𝑆+𝐶

𝑠2−1
     / *(𝑠 − 3)(𝑠2 − 1)  

                1=A(𝑠2 − 1) +( 𝐵𝑆 + 𝐶)(𝑠 − 3) 

             Let s=0  …..1=-A +(-3)C  ……(1) 

             Let s= 3 …..1= 8A …..∴A=
1

8
    FROM (1) …-3C= 1 +

1

8
 = 

9

8
    ∴ 𝐶 =

−3

8
    

              1= A𝑠2 – A +𝐵𝑠2-3BS+CS -3C 

               0=A+B     ∴ 𝐵 = −𝐴  =
−1

8
 

               Y(s) =
1

8(𝑠−3)
−

1

8

𝑆

(𝑠2−1)
−

3

8
 

1

(𝑠2−1)
    



 كلا الفرعين -الثالثةالمرحلة  -قسم هندسة تقنيات الحاسوب   - كلية الهندسة-المعارف  جامعة  
Department of Computer Engineering and Technology 

BY:K.DAWAH .ABBAS 

 
 

          ∴ y(t)= 
1

8
 𝑒3𝑡 −

1

8
cosh 𝑡 −

3

8
sinh 𝑡 

 

 
where N(s)=2 and D(s)= s

2 
+3s + 2. If the denominator is factored the function may be written 

 

 
and according to the rules above each of the two linear factors will introduce a single term into the partial fraction 

expansion  
SOL//????? 

 

 

 

 

 

NOTE:  Often the unit step function Uc(t) is also denoted as U(t − c), Hc(t), or H(t − c).     
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The graph above can be written as y=f(t) 𝑈𝑎(𝑡) + g(t) 𝑈𝑏(𝑡) 

 Y(t)={  

0       𝑖𝑓 𝑡 < 1
 3 𝑖𝑓 1 ≤ 𝑡 < 4
0        𝑖𝑓 𝑡 ≥ 4

 

Y(t)= 3[𝑼𝟏(𝒕) − 𝑼𝟒(𝒕)] 
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  f(t) = -3[1-𝑼𝟑(𝒕)] + 9[𝑼𝟑(𝒕) − 𝑼𝟔(𝒕)] + 𝟒𝑼𝟔(𝒕) 

  f(t)= -3 + 3𝑼𝟑(𝒕) + 𝟗𝑼𝟑(𝒕) − 𝟗𝑼𝟔(𝒕) + 𝟒𝑼𝟔(𝒕) 

   f(t) =-3 + 12𝑼𝟑(𝒕) − 𝟓𝑼𝟔(𝒕) 
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 /Express the following function in terms of units step functions and find 

its Laplace transform 
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 Express the following function in terms of unit step function : and 

find its L.T 
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 Express the following function in terms of unit step function : 

and find its  Laplace transform? 

𝒚′′ + 𝒚 = 𝒖(𝒕 − 𝟑)?y(0)=0 ,,,y’(0)=1

SOL/𝒔𝟐𝒀(𝒔) − 𝒔𝒚(𝟎) − 𝒚′(𝟎) + 𝒀(𝒔) =
𝒆−𝟑𝒔

𝒔
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𝒔𝟐𝒀(𝒔) − 𝟏 + 𝒀(𝒔) =
𝒆−𝟑𝒔

𝒔

(𝒔𝟐 + 𝟏)𝒀(𝒔) =
𝒆−𝟑𝒔

𝒔
+ 𝟏

𝒀(𝒔) =
𝒆−𝟑𝒔

𝒔(𝒔𝟐 + 𝟏)
+

𝟏

(𝒔𝟐 + 𝟏)

𝟏

𝒔(𝒔𝟐+𝟏)
=

𝟏

𝒔
−

𝒔

𝒔𝟐+𝟏
  

      =(1-cost) =  (1-cos(t-3) 

     y(t)=u(t-3)[1-cos(t-3)]+sint 

                  : Express the following function in terms of unit step function Example

and find its Laplace transform? 

𝓛−𝟏 |
𝒆−𝟐𝒔 − 𝟑𝒆−𝟒𝒔

𝒔 + 𝟐
| 

SOL// 

𝓛−𝟏 |
𝒆−𝟐𝒔

𝒔 + 𝟐
| − 𝓛−𝟏 |

𝟑𝒆−𝟒𝒔

𝒔 + 𝟐
| = 𝒖(𝒕 − 𝟐)𝒆−𝟐(𝒕−𝟐) − 𝟑𝒖(𝒕 − 𝟒)𝒆−𝟐(𝒕−𝟒) 

                                   n terms of unit step : Express the following function iExample      

function and find its Laplace transform? 

 𝓛−𝟏|
𝟑𝒔 − 𝟏𝟓

𝟐𝒔𝟐 − 𝟒𝒔 + 𝟏𝟎
| 

SOL/ 𝓛−𝟏|
𝟑(𝒔−𝟓)

𝟐(𝒔𝟐−𝟐𝒔+𝟓)
|  

𝟑

𝟐
𝓛−𝟏|

(𝒔 − 𝟓)

(𝒔 − 𝟏)𝟐 + 𝟒)
| 
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𝟑

𝟐
𝓛−𝟏 |

(𝒔 − 𝟏)

(𝒔 − 𝟏)𝟐 + 𝟒)
| +

𝟑

𝟐
𝓛−𝟏|

−𝟒

(𝒔 − 𝟏)𝟐 + 𝟒)
| 

=
𝟑

𝟐
𝒆𝒕𝒄𝒐𝒔𝟐𝒕 − 𝟑𝒆𝒕𝒔𝒊𝒏𝟐𝒕 

(t)𝜹 Delta function 

What is the Delta Function? 

 1. δ(x) = 0 for all x ≠ 0. 

 2. Sifting property: ∫ f(x)δ(x − a) dx
∞

−∞
  = f(a) 

 3. The delta function is used to model “instantaneous” energy   

transfers.            

  4. L { δ(t −a)} = 𝑒−as  
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ans
𝟕

𝟐𝟓
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Here we use partial fraction  

 

Example Find the inverse Laplace transform of 

 

 

  

1. INVERSE LAPLACE TRANSFORM BY  
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Example (Convolution) Find
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Example: Obtain the inverse Laplace transform of 
𝑠+1

𝑠2+2𝑠
 

Solution: Let  F(s)= 
𝑠+1

𝑠2+2𝑠
        …………….(1) 
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s

G (s). Let 𝛼 1 , 𝛼 2 , 𝛼 3 , . . . 𝛼 n be n roots of the equation G (s)= 0 

Inverse Laplace formula of 
𝐹(𝑠)

𝐺(𝑠)
 is given by 
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Example  
A spring-mass system with mass (2), damping (4), and spring constant (10) is subject to a 

hammer blow at time (t = 0): The blow imparts a total impulse of(1) to the system, which 

was initially at rest. Find the response of the system. 

Solution: The situation is modeled by the initial value problem 

 

 

The Laplace transform is designed to analyze a specific class of time domain 

signals impulse responses consisting of sinusoids and exponentials 
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  Find the transfer function and impulse response of the 

system described by the following differential equation: 

 

Solution To find the transfer function replace f (t) by δ(t) and take 

the Laplace transform of the resulting equation assuming zero 

initial conditions: 

 

Taking the Laplace transform of both sides of the equation we get 

 

To find the impulse response function we take the inverse transform of the transfer 

function to find 

 

 The impulse response of a system is known to be h(t)=  𝑒3𝑡   

Find the response of the system to an input of f (t) = 6 cos(2t) given 

zero initial conditions. 

Solution Method 1. We can take Laplace transforms and use  

Y(s) = H(s)F(s). In this case 
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As we want to find y(t), we use partial fractions: 

 

 

We can now take the inverse transform to find the system response: 

 

Alternative method. Find y(t) by taking the convolution of f (t) with 

the impulse response function 
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By definition of convolution 

 

As this is a real integral we can use the trick of writing  

cos(2τ) = Re(𝒆𝐣𝟐𝝉 ) to make the integration easier. So we find 

 

 

 

Taking the real part of this result we get the system response as 

 

which confirms the result of the first method. 

Example A system transfer function is known to be 

 

then find the steady state response to the following: 
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(a) f (t) = 𝑒j2𝑡 ;  

(b) f (t) = 3 cos(2t). 

Solution (a) The steady state response to a single frequency 𝑒j𝜔𝑡 is given 

H(jω)ejωt . Here f (t) = ej2𝑡 , so in this case ω = 2 and H(s) is given as 

1/(3s + 1). Hence we get the steady state response as 

 

(b) Using (1/2)(H ( jω)𝑒j𝜔𝑡+H(−jω)𝑒−j𝜔𝑡) 

as the response to cos(ωt) and substituting for H and ω = 2 gives 

 
Example  

Find the of a system with a transfer function 

 

Solution: The impulse response is the inverse Laplace transform of the transfer 

function H(s): 
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APPLICATION TO CIRCUITS  

                                

      If the switch is connected at t = 0 and disconnected at t = a, find the 

current i in terms of t. 

Solution. Conditions under which current i flows are i = 0 at t = 0, 

 

 

 

 

Note: Instead of  

𝒊   we can use I(s) 
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[By the second shifting theorem] On substituting the values of the inverse 

 transforms in (2) we get 
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If the switch is connected at t = 0 and disconnected at t = a, find the 

      current i in terms of t. 

Solution. Conditions under which current i flows are i = 0 at t = 0, 

Note: Instead of  

𝒊   we can use I(s) 


