1 ENGINEERING ANALYSIS
(it )

LAPIACE L TransSiormatiom

1-1 INTRODUCTION:

Laplace transforms help in solving the differential equations with boundary
values without finding the general solution and the values of the arbitrary con

Laplace Transform used for @analog signals

LAPLACE TRANSFORM
Definition. Let f (t ) be function defined for all positive values of t, then.

)

F) =) e~ f(1) di

The integral exists, is called the Laplace Transform of f (t).It is denoted as

-]

LU =F@ = e *fod

L is called the Laplace transform operator

where S is a complex variable S=6 + jw

1.3 IMPORTANT FORMULAE
1 _ n!
(1) L(1) = — (2) L(7") = —— whenn=0,1,23..
5 5!2-!-1
(3) T.(eory — — L s>0
& — O
(4> L. (cosh ar) = %
(5) L (sinh arn = ﬁ
(6) L sin (ar) = ﬁ
S

7) L =
(7) (cos at) -
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1
1. L) =
Proof. L(1) = | 0 T ledr [ } {%]:=—%[0—1] =%
Hence L) = %
2. L) =—77. where n and s are positive.
Ex. : f(t)=t
LIF®]=F(s)= [ t.e*tdt
By using part method (| udv = uv — [ vdu),
Letu=1t dv = e St dt
du =dt v = _is e st

So, |L[t] = -

Derivetive | Integral
ﬁ! t e—St
()W et

R W

s2

0 < (variablet) < oo
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3. L&) = where s > a
5S—a
Proof. L (e%) = j‘w e . e dr = IW e~stra _dt
0 0
= - A—s+a)r - - a—(s—a)t - e”boax . S 1 1 -
‘[u e . dt ’[u e L dt [—(s—a):'n s—a[e("““ ,
0-1) = L Proved
(s—a) s—a
eX = cosx + isinx e_im — CcoST — 1 SInT
ix_,—ix eX e~ ix : e*—e™* e*+e™*
sinx= ez— COSX= Te sinhx==—— ,coshx= ——

sec(x)=1/(cos(x))

4. L(coshar) =

cosec x = tisin x. |l
tan x = sin xX/cos x

£y

at at —-at
Proof. L (cosh ar) = L[%] ( coshar = £ +,(’ ]
= JL()+3 L)
.DAWAH.
~| §—a s+a Ss—a
=%|Vs+tj7+sa—a—‘ _ ’s . e
2 st —a® s?—a
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5. L(sinhar) = a

§2 —q*

Proof. L (sinha)

Il
—
1
b | —
——
™
2
|
™
I
=
—
| I |

%[L(ea‘)—L(e_af)F %[ 1_ - 1_ }= %[w]

s—a s+ta sc=a
a
= - Proved.
5 —a Almaaref
: . a
6. L(sinat) = ———
( ) s? +a
. eiaf —e" iat . E_,x'af —e~ iat
Proof. L(sinar) = L [ — osinar = ————
i i

_ | 1 _ _
— %'1‘ (elaf_e—lﬂ[)] — Z[L (f‘;lﬂl)_L(e—Iﬂf)]

1 1 1 1 st+ia—s +ia

2i| s—ia s+ia 21 52+ a?

1 2ia a
— - S Proved

21 52 +a? 5% +a®
7. L{(cosar) = 5
) s>+ a?

Jiat — iat iar — iat

Proof. L (cosar) = L[%) { cosal = %}

— % [L ((_,r'm+ (_,_—;'m)] — % [L (efar) +L (e—iar)]

—

1 1s+ia+s—ia
= 5— AUC-DAWAH

—+ ; 2. 2
S —1a s+ 1a s+ a
S
= — Proved
s +a”

B =

BY using direct method from important formula find Laplace transform of

s 1 s
2 2:_+ 2
s“+2 s s“+4

1+cos2t SOL//  L|1+cos2t| = L|1|+ L|cos2t| = % +
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Example 1. From the first principle, find the Laplace transform of (I + cos 2 ).
Solution. Laplace transform of (1 +cos 2 1)

] (=]

g2t 4 E-Qiz

= ‘[ e ¥ (1+cos21) d'f:_l. e‘”[l+f]dr‘
0 0 - J

o

oo ) _ 3 =5t (=s4+20)t (=3=21)i
:l“. [Ze—sr+€(—3+2z]r_l_t._,(—_?—h}r]dr:l e _l_(.’ ' +f? :
2 2] =5 —s+2i —=5-21 .
1 2 1 1
==||0+= |+ 0-1)+ 0-1
2 s] —s+2:'( ) —5—25{ )}
if2 1 12, 25
20s s=2i s+42i| 2|s 244

Example 3:Find ( L.T) for the following :
1-f(t)= K+ sin3t - et

Solution ///
L|f(t)=L|K|+L|sin 3t| - L|e?|

_k, 3 1
F(S)_s 's2432 52
2- f(t) = cosh 4t +sinh 3t +12
F(s) = Solution
S 3 E
s2—42 = s2-32 s
3 12

S
F(s) = 216 T2 0 5
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) Laplace Transform Table
| F(s) = L{f(%) f(t) =L {F(s)} |
1 1 5>0
", n>0 q—,’:&f_—T, s>0
n!
t"e*®, n>0 (o)1 S > a
et ——,5>a
sin(at) =53, S >0
tsin(at) Gg%sg-)g, s >a
at _: [4]
e* sin(bt) (s—a)21b2 S > a
cos(at) o, 8§ >0
T_
tcos(at) G‘%_l_—;gjg, s> a
el G S0

PROPERTIES OF LAPLACE TRANSFORMS

1/ Linearity property:

If c1 and c2 any constants while f1(t)and f2(t) are functions with Laplace

transformation then:

Llc1f1(t) + c2f2()] =c1 L[f1(®)] + c2 L[f2(D)]

2. Scaling Theorem

L [K f(t)} =

K F(s) ... K is constant
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3. Real Differentiation
Let F(s) be the Laplace transform of f(t). Then,

L {94;%9} = s F(s) -~ f(0~)

where f (0-) indicates value of f(t) at t = 0~ ie. just before the instant t = 0
The theorem can be extended for nth order derivative as,

L{%gg} = 5" F(s)=s"~1 £(0")~s""2 ' (0" ) ~...— £0- 1 (0~)

where f("- D (0~ ) is the value of (n - 1) derivative of f(t) at t = 0-.

ieforn=2,L {d;ff)} = 52 F(s)=s £(0-)— ' (0" )

s3F(s)—=s2f (0~ )=sf' (0" )~ f" (0~ ) and so on.

il

for n=3, L {d%‘(t)}

dt3
L{y""} = s*Y(s) — s°y(0) — s*y'(0) — sy"'(0) — y"(0)
L {f‘”)} = s"F () = 5" £ (0) = 8" f (0) —--- — s (0) — £V (0)

4. Real Integration
If F(s) is the Laplace transform of f(t) then,

L{j"f(:)d:} - F:(ss)
O

5/Multiplication by (t)
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d’ T

LA f(@)} = (—1)" 5 F(s)

3
L(sin3t) = —
(sin 3¢) =2 . 37
L(sin 38) — — >
- 52 4+ 9
o 3
- (131
L(tsin3t) = (—1) e [32 — g-]
; —3(2=)
L(tsin 3t) = — [[32 - 9}2]
- —6Gs
L(tsin 3t) = — (22 1 9)2
L(tsin 3t) = 0 ETQ}E answer
=
6. Complex Translation
F(s —a) = L{e®f(t)} and F(s +a) = L {e*'f()}

F(s Fa) = F(s)lg .

where F(s) is the Laplace transform of f(t).
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With the help of this property, we can have the following important results :
a o M _n!
(1)L(€ !)_ (S—O')n+1 [L(In)_sn+l:'
. s—a : )
(2) L (¢® cosh bt) = m (3) L (¢” sinh br) = m
o b s—da
(4) L (e” sin br) = m (5) L (¢® cos bt) = m

7. Real Translation (Shifting Theorem)
This theorem is useful to obtain the Laplace transform of the shifted or delayed
function of time.

If F(s) is the Laplace transform of f(t) then the Laplace transform of the function
delayed by time T is,

L{f(-T)} = T F(s)

8.Initial Value Theorem

The Laplace transform is very useful to find the initial value of the time function f(t).
Thus if F(s) is the Laplace transform of f(t) then,

f(0*) = Lim f(t)= Lim sF(s)

t=0* S

9. Final Value Theorem

Lim f{t) = ,ijf% s F(s)

{0

G(s)= fooo f(r) es@Ddt =e @ fom e 5T f(r)dt = e * F(s)

Ex.10: The L.T of f(t- E) when f(t)=t sin 2t.

Sol. L[f(t)] = L[t sin 2t] = as > Laplace of tsin at
(52+4-) _ 2as
:rr _l/ﬁ/
naw L[f(t _Z)] e (s2+4)
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Example 3. Find the Laplace transform of cos’ L.

Solution. cos2t = 2cos?t—1

cos?t = %[c0525+1]

L (cos?t) = L[%(cos2r+ 1)] = %[L(cosZr)+L(1)]
1 s 1 1 s 1
=5L~2+<2)2+?} =§[52+4+ﬂ e
EXAMPLE
f(t) =te ' cosdt
Let g(t) = e ' cos 4t
Then
G(s) = #{e " cos 4t}
s+1
C (s+1)"+16
B s+1
82425+ 17
d 5+ 1 52 +25—15

ds (s +1)° +16  (s2+2s+17)

2

2_2 — 15
SDE{t-e_t-cos 4?&}: : : 2
(82 + 25 + 17)

2

INVERSE LAPLACE TRANSFORMS ILT

- IMPORTANT FORMULAE
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) 1 ) 1 In-l
1) LY=]=1 (2)L17=—
§ s (n-1)!
] §
B ==z (4) L' =—— = coshat
§—a s -a
| | . | 1
(5) L''—— ==sinha (6) L't =— = =sinar
f-d a fidt a
§
() L'=—— =cosat 8) LM F(s-a) = & f(1)
s ta
9) L1 +, = le‘” sin bt (10) -1 ——=%— = ¢ cos br
(s—a)y+b> b (s—a) +b°
m)r%ﬁ$ty=%wmmw (Uﬂﬂafﬁ%ﬁzﬁwﬁm
DAWAH-AUC
(13) 11— — = L (6in ar—ar cos ar) a4 - —— = L i
(s* +a*? 2a° (s*+a*)?*  2a
A5 L1 =% _ tcosar (16) L1 (1) = 8 (¢)
(52+(1z2)2
(17) L1 s = — [sin ar + ar cos at]

(s> + a?)? 2a

partial fractions.

case/1

3x2 — bx — 52 A n B n C
(z +2)(x — 4)(= +5) x1+2 x — 4 x + 5

1 1 A B C

et )etD@t2) @tl2@12) z+l (@12 zi2
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case/2

case/3
1 Ax + B

Cx+ D

($2—m+1)(a:2—m+2)::cz—m+1+a:2—:c+2

case/4
1 Az +B Cx+D Ezx + F
(22 —z+1)2(22—2+2) a22—z+1 (22—2+1)2 22—2+2
N 10s 3
Ex. :IfF(s) = T Find f(t). T
1 s24+4% 4752442
Sol. F(s)=10.— -3 _——
s2+22 s2+42
_r=1 S _ i 4 _ } E .
F(t)=L [10.5— —3.-5—=10cos 2t- sin4t

Fx, IfF(s) %2 Find f(1).

.0 22
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Example : £71{2 42?116}

=L {2} + L™ 1{m}+£ 1{;mz}

=37} ALY i) 2L ate)

— 3—|—4cos4t—|—%5in4t

Ex. If F(s) = m. Find f(t)
1 1
Sol. F(S) _SZ 2s+5 32—25+1+4=(s—1)2+22
1 2
F(S)=E " (s—1)2 +22
2 1 .
1[E EE = 2 et sin 2t

Example/ Find E—l{ 2 } ax’+bx+c=0
s°+ 65+ 13 2
Solution [2]
2

2 _ 2 [ .
SS+6s+13 (s+3)°+4 | +27
and, since 2/(s* + 2*) = ¥{sin 2t}, the shift theorem gives

. 2 3
F———1 = ¢ 'sin2t
s +6s+13

LAPLACE TRANSFORM OF THE DERIVATIVE OF f (f)
LIf () =sLLf(O]-f(0) where L [f(1)] = F (s).

Examples:
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LIf7@] =slsLIf0Ol=fO]-f"(0)

LIf” @] = s LIf()]=sf(0)—f"(0)
L{y"} =sY (s) = 5°y(0) — sy’ (0) — ¢" (0)
L{y""} = s*¥(s) = s*y(0) — s2y'(0) — sy"(0) — ¥ (0)
L {f(”)} = s"F(s) =" £ (0) = 8" 2f' (0) —--- — s/ (0) - f*V(0)

Example: y" — 6y’ +5y=0,y(0) =1, y'(0)=-3
[Step 1] Transform both sides

L{y"” — 6y’ + 5y} = L{0}

s2L{y} — s y(0) — y'(0)) — 6(sL{y} — y(0)) + 5L{y} =0

[Step 2] Simplify to find Y(s) = L{y}

s?L{y} —s —(-3)) — 6(s L{y} — 1) + 5L{y} =0
(s2—6s+5)L{y}—s+9=0

(s?—6s+5)L{y}=s-9

[Step 3] Find the inverse transform y(t)

Use partial fractions to simplify,

s-9 s-9 A B
Y(s):sz—es+5 T G-DG-5) -1 t (s—-5) [*(s =1)(s = 5)
5-9= A(S-5) +B(S-1)cuereeenennnns Equating the corresponding coefficients:
1=A+B ~ A=2
-9=-5A-B B=-1

2 -1
(s—1) * (s=5)

Y(s)= => y(t)=2et — e  Answer

Example: y’ + 2y = 4t e?t, y(0) = 3.
L{y’ + 2y} = L{4t e~*}
(SLeY} —y(0) + 2L{y} = L{dte 2} ==

4
(5+2) L{y} +3=—"
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Y(5)(5+2) =—— -3

2)2
_ 4 3 _ -3s+125-8 _ A B ¢ . o2
Y= (s+2)(5-2)? "o 2t o Te T F6+2)(s-2)
Y(s)=—-3s2+125s—8=A((s—2)? +B(5s—2)(s+2)+ C(s + 2)

Lets=0 , -8=4A-4B+2C ......... 1)
Let s=2 ,—-3(2)2+12(2)-8=C (2+2)
-12 + 24 -8 =4C
4= 4C >>>>C=1 ..cevevvnennenn. 2)
Lets=-2 ,—3(=2)% + 12(=2) — 8 = A((—2 — 2)?
-12 -24 -8 = 16A
-44=16A - A= ‘T“
Substituting in(1) ...... B Tl
-1 1
Y(S) = + +

4(s+2) 4(5 2) (s—2)2
-1 —1 —1

- 1
Y(t):Te_Zt 4 2t+teZt

s—a+a
(s—a)?

EX@mpﬂ. Using Laplace transforms, find the solution of the(I'VP) initial

value problem?

NOTE///£‘1| 7| =L71|—| L—1| | L-1| [e% + ate™]

)2|

y'-y=e¥ ,y(0)=0,y'(0)=0
solution:
PY(s) = sy(0) =y'(0) = Y(s) =
S2Y(s) =Y (s) = —
Y(s)[s2 — 1] = %3
Y(5)m ——— = + (s = 3)(s2 — 1)

T (s-3)(s?-1) s-3 @ s2-1
1=A(s2 — 1) +( BS + C)(s — 3)
Lets=0 .....1=-A+(-3)C ...... (1)

Lets=3 ...1=8A...:A= FROM(I).-3C=1+-=2 =2C==

1= As? — A +Bs2-3BS+CS -3C
0=A+B +B=-A4 =—

8
_ 1 s 3 1
Y( ) 8(s 3) 8(52—1) 8 (s2-1)

Cpe Al SIS AN A yal) - gl L dnia and-dnigl) A0S G jlad) dadls
Department of Computer Engineering and Technology
BY:K.DAWAH .ABBAS



16 ENGINEERING ANALYSIS
(owia ClaT)

~y(b)= % e3t — %cosh t — %sinh t

Example
Determine the form of a partial fraction expansion for the rational function

2
F(s) = .
(5) s2 1 35+ 2

2
where N(s)=2 and D(s)=s +3s + 2. If the denominator is factored the function may be written

F(s) 2 2
5] = j—
$2+35+2 (s+1)(s+2)
and according to the rules above each of the two linear factors will introduce a single term into the partial fraction
Ay Ao
F(s) = +
s+1 542
expansion

UNITSTEP FUNCTION
O when r

< a
1 when r = «a

u(r —a) = {

NOTE: Often the unit step function Uc(t) is also denoted as U(t — ¢), He(t), or H(t — ¢).
THE LAPLACE TRANSFORM OF UNIT STEP FUNCTION:
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f(1) Fi(s)
a(r) 1
1
uit) —
&
Writing a Function Using the Unit Step Function
®*————O

Heaviside Step Function

u(t) =u(t—c) = {(1) :;; ; f:

The graph above can be written as y=f(t) Ug ) + 9(t) Up(p

0 ift<1
Y()={ 3ifl<t<4
0 ift>4

Y(t)= 3[Ul(t) — U4(t)]
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EXAMPLE : Sketch the function f(t) = 1-u(t)?
_ _fO t<e€)__ (1 t<cC
=21 {1 tzc}_ {0 t=>c
f(t)
1\
1
z t
4
e S
|
~ §
. | 1 2 3 2 s pe 7 = >
-3 ife<3
Write f(t) =< 9 if 3 <t < 6 interms of the unit step function.
4 ift=6

f(t) = -3[1-Usp] + U3y — Ugp)] + 4Uep
f(t)=-3 + U3 +U3) — ey + 4Ugp

f(t) =3+ 12U3(t) - 5U6(t)

r
uit-a)

-1_

where a = 0O.
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More specifically, the representation of a function
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gl(t) <t <ty

gi(t) tr—1<t<ty

Is

g(t)= gL(t)+g2(t)- g1(t)] u(t-t1)}+[23(t)- £2(t)] ult=t2)umnn. +[gk(t)- gk-1(t)] ult-tk=1).

Example . Express the given function using unit step functions.

0 0<t<1
2 1<
1 2<t<3
3 3<t

g(t)=

Solution. We have g,(t) =0, g2(t) =2, g3(t) =1, g4(t)=3. Thus
0+(2-0)u(t-1)+(1-2)u(t-2)+(3-1)u(t-3)
g(t)=2u(t—1)—u(t —2)+2u(t-3).

Example . Express

(t) = 0 0<t<2
IEI=Y t+1 2<t

using unit jump function.
Solution. We have g(t)=(t+1)u(t—2).

Examyple. /Express the following function in terms of units step functions and find
its Laplace transform
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8 r < 2
N =|<
FO =16  +s2
8+ 0 r < 2
[ =
(8-2  1>2
B 0 r< 2 B 0, r<?2
_8+[—2 ¢ >2 - SH( 2)[1, t > 2
— 8—2u(1—2)
8 e 2

Lf(n =8L(1)-2Lu@G—-2) = -2

Ay

Example/ Express the following function in terms of unit step function : and
find its L.T

.ﬂo=[g:

t—1 1l <r<?2

Solution.  f(r) = [ 3, Y2 <3

=(t-Du@-D)-ut-21+GB-0u@-2)—u(r-3)]
= (=-Du(-D==Du(=20+G=-0)u(=2)+—-3)u(=3)
=(=-Du(r-1)=-20=-2)u@=2) +(@=3)u(r-3)

e~ * =23 =33
Lf(n) == —2"52 +"’52 Ans.

Example ~ Find the Laplace Transform of £ u (1= 3).
Solution. Fou(t=3) = [(t-3)+6(t=3)+9u(r-3)
= (=3P u(t=3)+6(t=3). u(t-3)+9u(r-3)
Letu(t=-3)=L(t=-3 . u(t=-3)+6L(t-3).u(t-3)+9Lu(t-3)
= lQ+()+9] Ans.
3

5§
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ANOTHER WAY FOR SOLUTION:
Lu(t—3)=e 3*L({t+3)? = e 3 L[*+6t+9]

- 2 6 9
—€3{—3+—9+—} Ans.
S s~ 8
Example Find f(t) given that Fs) 52412
Y=
s(s 4 2)(s+ 3)
SOLUTION
sT412 - A B C
s(s+2}{s+3}_?+s+z+s+3
2 ) 2
A:JF{E}|_U= R = 12 =2
s= (s 4+ 205 +3) |,y (2)3)
52412 4412
B=(s+2)F(s)|,__,= s5+3) |y (=21
5?4 12 9+ 12 -
C =(s+3)F(s) |3=—3 Tos(s+2) |3 (=3)—=1) '
Thus A =2, B = —8,C = 7.and Eq. (15.9.1) becomes
2 a8 7
F(s) = — — +
5 54+ 2 543

By finding the inverse transform of each term. we obtain

F(t) =2u(t) — 8e > +7e ", t = 0.

[Example: Express the following function in terms of unit step function :
and find its Laplace transform?
y"' +y=u(t-3)?(0)=0,.y(0)=1

e—3$

SOL/s2¥(s) — sy(0) — ¥'(0) + ¥ (s) = &
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22  ENGINEERING ANALYSIS
(gt <)
—3s
s?Y(s) —1+Y(s) =

e—35

(s2 + DY(s) = +1

e 3s 1
_I_
s(s?2+1) (s?+1)
1 _1_ s
s(s2+1) s s241

=(1-cost) = (1-cos(t-3)

Y(s) =

y(t)=u(t-3)[1-cos(t-3)]+sint

Example: Express the following function in terms of unit step function
and find its Laplace transform?

e—Zs _ 36_4S
L_l
s+ 2
SoL//
—2s —4s
e 3e
L_l —_r-1 — t—2 -2(t-2) _ 3u(t — 4 -2(t—-4)
s+ 2 + 2 u( e u( e

Example: Express the following function in terms of unit step
function and find its Laplace transform?

1 3s —15
L7 |
252 —4s+ 10
_1, 3(s-5)
soL/ L | 2(s2-2s5+5) |
S T )
27 '-12+4)
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(owia ClaT)
3 s—1 3 —4
3|t ) +- L7 |
2” G-12+a| 2" G102+

=; elcos2t — 3elsin2t

Delta function 4(t)

What is the Delta Function?

1. 6(x) =0 forall x # 0.
2. Sifting property: ffooo f(x)8(x —a) dx =f(a)

3. The delta function is used to model “instantaneous” energy
transfers.

4. L{6(t-a)}=e72°

L(5(t)) = / T S(Be ot dt = Ot = 1.

o0

LO(t—a)) = §(t —a)e " dt = e

0_

’ ~ ) f(0) if (a,b) contains 0
/a f)o(t)dt = {0

if [a, b] does not contain 0.

0+

/_55 35(t) dt = 3, /: 35(t) dt = 0, / 35(t) dt = 3, f: 30(t) dt = 0.
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Shifting by a

If we shift by a we have, / f()o(t —a) = f(a). More generally:

f(a) if (¢,d) contains a

0 if [¢, d] does not contain a.

/df(t)é(t _a)dt —

Example . (Practice with §.) Quickly cover up the answers on the left and try to
evaluate each of the integrals on the right.

3
[ 5(t)2¢* dt =2, (evaluate 2¢4 at ¢t = 0)
J =1
3
[ 5(t)2¢*” dt =0, (0 is not in [1,3])
Ji
3 ) 5
/ 5(t)2e dt = 2, (evaluate 2e*” at t = 0)
e 243 243
/ 5(t)2e () gy = 2, (evaluate 2e~ 2" (") at t = ()
3 . ‘ e
/ S(t —2)2eM di = 2¢'°, (evaluate 2¢2¢° at t = 2)
J-1
/ 5(t — 2)2e™ dt =0, (2 is not in [3,5])
J3
3
[ 5(t — 2)2e* dt = 2¢!0 (evaluate 262" at t = 2),

2
Example Determine ;’f'{ 25 }
s +4

Solution Since

s _sz+4—4_1 4
2 - -

s +4 s'+4 s +4

2
$1{ 2S }zgl{l}_fgl{ 24 }
s +4 s +4

2
fl{ s }:5(1‘)—2 sin 2¢

s +4
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(Bomain COlla)

Two important properties of the delta function are

l. d(ft —a)=0fort # a,
2. [CL8@) =1

1-1 EVALUATION OF INTEGRALS

We can evaluate number of integrals having lower limit (0 ) and upper
limit(oo) of Laplace transform.

Example: oo
Evaluate _[ re 3 sinrdt.
0
j. te 3 sintdt = I re S'sin tdt
0 0
e 1 25
= L@singy) = —5 | 5| = 73 5
WHEN S=3 ds (S + 1} (s=+ 1)
2 x 3 6 3

T (32+1)2 100 ~ 30

SOLVE THE EXAMPLES IN SAME SOLUTION ABOV

(==

_ . _ 7
J-O t e sin f dr Ans. m J.D te 2tCDSt di‘ anSE
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. E 171
Example : Find £7{ =}

Let's check the list of basic transforms ... Not found!

. . P 1 A B
Try partial fraction decomposition: 75 = 515 T 51

_ As—A+Bs+2B _ (A+B)s—A+2B _  (s+1
(s—1)(s+2) —  (s—1)(s+2) — (s—1)(s+2)

Solving the system A+ B =0. -A+ 2B =1 gives A = %1 B = %

Now we can find E_l{—m} using linearity and basic formula

£_1{52+1*5—2} - _%ﬁ_l{s—}—Q} + %['_1{511
—%e_zt + %ef
CEind p-lp 2
Example : Find £ {W}
Partial fraction decomposition? Nothing further to decompose.

Does the function appear on the list? No. But:

- . =1y 0l -1 1
Two similar ones do: L™ 5} = t", L7

—1 2 _ Btp—152 _ 425t
L {(5_5)3}—6 L5} =t¢e".
Example : Find £7{ 55 —<}

Partial fractions? The denominator is indecomposable.
Does the function appear on the list? Not quite.

This is similar to: 525 = L{cos2t}.

5 _ 5
s242s+5 T (s+1)2+22
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Here we use partial fraction
s+ 1 A B
= : A=3/4, B=1/4.

(s —2)(s+2) s—QJrs—i—Q' /4 /
PARTIAL FRACTIONS METHOD

Example Find the inverse Laplace transform of

[ls+7 Ils 47 A B

Fis) = 52 —1 _(5—1)(S—|—1):S—1+S—|-1

Then A is found by substituting s = | into

I1s +7 _11—|—7"_g
(s=Ds+1) 2
and B is found by substituting s = —1 into
I1s +7 _—11-|—7’_2
(s —Des+1) -2

This gives the partial fraction expansion, as before, as

(s) 9 2
F(s)= + .
s+1  s—1
: : 1
E le = Find the € tre —_—.
xample ind the inverse transforms of 2 _5: 10

Solution. Let us convert the given function into partial fractions.

1 1 1
LY\ 5—F———|=L" -
[32—53+6] [5—3 5—2}

= L‘l( 13]—)[_1( 12‘] = & —e*
s — 5 —

1. INVERSE LAPLACE TRANSFORM BY CONVOLUTION
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28 ENGINEERING ANALYSIS
(rin C4la)

Example (Convolution) Find

| 1
+ {w—z)(s—:%)}

using the convolution property:

I _
L {f f()e(r — r_)dr} = F(s)G(s).
0

Solution

1 1 1
(s —2)(s—=3) (s—2)(s—3)

Theretore, call

|
Fo)=_—5. G =_—2
- - —1 1 2t
f(t) =L {5_2}_e
- —1 1 37
g(t) =L {5_3}—6.

Then by the convolution rule
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]
! 1 B O e T
(s —2)(s — 3) 0

This integral is an integral over the variable 7. ¢ is a constant as far as the
integration process is concerned. We can use the properties of powers to
separate out the terms in 7 and the terms in 7, giving

1 ? e
£—1 { : } — eSff e Tdr — eSI [ :|
(s —=2)(s = 3) 0 —1 g

— eST(_e—f _|_ 1)

INVERSION FORMULA FOR THE LAPLACE TRANSFORM

f(x) = sum of the residues of ¢** F (s) at the poles of F (s).

Example: Obtain the inverse Laplace transform of Sizs
— _ s+1
Solution: Let F(s)= s e (1)

EFTY at the poles. ...(2)

L‘l[ ,,S+1 ] = Sum of the residues of ¢ .
s“+2s

The poles of (1) are determined by equating the denominator to zero, i.e.
s?+2s =0 or s(s+2) =0 ie.s =0,-2

There are two simple poles at s = 0 and s = —2.
f ! 2 ,srg 2
Residue of 7. F (s) (ats = 0) = lim (s—O)esé st lim | < st .1
50 5°+2s 50 (s+2) 2
oSt
Residue of €. F (s) (ats = —2) = lim [(5‘*‘2)(-’ s+ 1)}
s =2 s (s+2)
— hm {e”(s+1)] et (=241 e
§—=-=2 s —2 2
-2
Sum of the residue [at s = 0 and s = —2] = %+ 32

Putting the value of residues in (2) we get

Cpe Al SIS AN A yal) - gl L dnia and-dnigl) A0S G jlad) dadls
Department of Computer Engineering and Technology
BY:K.DAWAH .ABBAS



30 ENGINEERING ANALYSIS S
(owia ClaT)
1 s+1 1 e %!
Lot = = =+&
s“+2s 2 2

HEAVISIDE S Inverse Formula of %

If F( s )and G( s) be two polynomials in (s). The degree of F( s) is less than
that of

G(s).Letal,a2,a3,...anbenroots of the equation G (s)=0

Inverse Laplace formula of % IS given by

-1 Jlﬂzz}_; ACHR

= e
G (s) i1 G ()
Example  Find [-! {% } .
Solution. Let F(s) = 2s*+35s—4
and G(s)=s3+52-2s=5(s’+5-2) = s(s+2)(s=1)

G (s) = 3s*+2s-2
G (s) = 0 has three roots, 0, 1, =2.
or 0’.]:0,&2:1,&3:—2

T F
By Heaviside’s Inverse formula L1 { (I;((S))} =2 G,((al)) e%!
) =1 O %
_ F (o) oo 4 F (o) o F (0i) )05 = F(0) 04 F(1) ot F(=2) -2
G (o) G (o) G’ () GO 6O G2
— -4 0 (= ) -2t _ t_ 2
== +§e’+ © el =2+

Using Heaviside’s expansion formula, find the inverse Laplace transform of the following:
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1. 25;1 Ans. —2¢"+3e7 ¥
s+ 3s+ 2
2. > Alls.,lf.?f—lZ.s?z“r,ie3I
(s—1)(s—=2) (s-3) 2 2
Example

A spring-mass system with mass (2), damping (4), and spring constant (10) is subject to a
hammer blow at time (t = 0): The blow imparts a total impulse of(1) to the system, which
was initially at rest. Find the response of the system.

Solution: The situation is modeled by the initial value problem

2" + 4y + 10y = 5(t), y(0) =0, y/(0) =0.

Taking Laplace transform of both sides we find
25%Y (s) + 4sY (s) + 10Y (s) = 1.
Solving for Y (s) we find
1

Y(s) = .
(s) 252 +4s + 10

The impulsive response is
(t)y=L"" 1 L = le_gt sin 2t
= 2(s+1)2+22) " 4"

The Laplace transform is designed to analyze a specific class of time domain
signals impulse responses consisting of sinusoids and exponentials

Function

H(s)
xo NI | T WD vo)

Y(s) = H(s)X(s)
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(Apwria <DGlaT)

EXAMPLE Find the transfer function and impulse response of the
system described by the following differential equation:

3 ay = o
SN v = f(1).

Solution To find the transfer function replace f (t) by 6(t) and take
the Laplace transform of the resulting equation assuming zero
initial conditions:

d.
32 L4y = 5(n).
dr

Taking the Laplace transform of both sides of the equation we get
3(sY — y(0)) +4Y =1
As y(0) =0,

1
- 3s+ 4

= H(s).

To find the impulse response function we take the inverse transform of the transfer
function to find

—4,
h(r):f‘{ }:eTr.

3s +4

EXAMPLE The impulse response of a system is known to be h(t)= e3!

Find the response of the system to an input of f (t) = 6 cos(2t) given
zero initial conditions.
Solution Method 1. We can take Laplace transforms and use

Y(s) = H(s)F(s). In this case
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(I\.m.m a)\.a.\;s)
|

h(t)=e" & H(s C,C{e%}_ig
§ —

6.
F(1) = 6cos(2r) & F(s) = L{6cos(21)} = ——
4+ s

Hence
6s

(s —3)(4 +52)

Y(s) = H(s)F(s) =

As we want to find y(t), we use partial fractions:

65 B 6s
(s —3)(@+s2) (s =3)(s+j2(s —j2)
18 3
= + — .
B3 =3)  (2-3)6—j2)
3

(using the ‘cover up’ rule)

(2435 +]2)

18 %ms—g
T 13(s —3)  13(s244)
18 18s 12 2

13(s —3) 13(s2+4) * 13 (s2+4)

We can now take the inverse transform to find the system response:

y(1) = LTHY (5)}

o 18 185 +12 2
a 13(s —3) 13(s2+4) s2 4+ 4)
mgr 18

12
l? T3 cos(2r) + I sin(2t).

Alternative method. Find y(t) by taking the convolution of f (t) with
the impulse response function

¥(1) = £(1) % (1) = (600s(21)) x (V)
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By definition of convolution

t
(6cos(21)) * () = f 6 cos(27) e’ dr.
0

As this is a real integral we can use the trick of writing
cos(27) = Re(e'?* ) to make the integration easier. So we find

T
1 = 6e12Te30—1) ¢
0
r

— 6e f eT(32—3) g+
0]
3t [er(Jz_S}]r
= 6e’' | ————
12—=3 Jo

— 6 3r L
> € ( 2—3 j2— 3)

_ 6e¥(—j2 = 3) (e (cos(21) +jsin(21)) — 1)
- 449 '

Taking the real part of this result we get the system response as

! 3(t—1) 6 . 18 3t
6cos(27)e dr = l—,‘S(—Bcos@r) + 2sin(2r)) + l—ge*
0 S :

_ 18 ot 12 2 18 5,
= ﬁcos(h)—}—ﬁsm( )-Q-ﬁe

which confirms the result of the first method.
Example A system transfer function is known to be

I

H(s)= ——
)= 3

then find the steady state response to the following:
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(@) f (1) = e ;

(b) T (t) = 3 cos(2t).

Solution (&) The steady state response to a single frequency eJ*? is given
H(jw)ejot . Here f (t) = 1% | so in this case w = 2 and H(s) is given as

1/(3s + 1). Hence we get the steady state response as

1 i el?! (1 —j6)el?

H(i2)e = o2 = _
U =30 415 ~ 146 37

(b) Using (1/2)(H ( jo)e’*t+H(=jw)e T1%t)

as the response to cos(wz) and substituting for H and @ = 2 gives

(= 6je L A0
> 37 37

I
- ﬁ((l — J6)(cos(2t) 4 jsin(2t))
+ (1 4+ j6)(cos(2r) — jsin(21))

]
w(u)s(_f) + 6sin(21)).

-~

Example
Find the impulse response of a system with a transfer function

:j

)

H) = e

Solution: The impulse response is the inverse Laplace transform of the transfer
function H(s):
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(it )

h(t) = L7 {H(s)}
L 2
= £ 1{(3+1)(s+2)}

o)
s+1 s+ 2

= et _ 92

APPLICATION TO CIRCUITS

EXAMPLE., A RESISTANCE R IN SERIES WITH INDUCTANCE LL IS
CONNECTED WITH E.M.F. [E (). THE CURRENT { IS GIVEN BY

di

Ldr

+Ri = E (7).
If the switch iIs connected at t = 0 and disconnected at t = a, find the

current i in terms of t.

Solution. Conditions under which current i flows arei=0att=0,

E, 0<1t<c«
E(t)_{o o a

Given equation is L—+Ri=E(@) ... (1)

Taking Laplace transform of (1), we get

.c:o

Lisi—-i(0)]+Ri=| e “E@®dt
"0

Note: Instead of

i wecan use |(S)
- 59

Lsi+Ri=| e E®)dt
"0

[i (0) = 0]
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(L5+R)?:_[ e‘”.Edf:J (—."”E(fr+_[ e S'Edt
0 0 a
— st e E E E
ZE[E } +0=—=[l—e ¥ =—=—¢ %
-5 § s S
0
- E __Ee™®
s(Ls+R) s(Ls+R)
B —das
i=L"1 £ — L1 Le ..(2)
s(Ls+R) s (Ls+ R)

-1 E _ £ L1 L (Resolving into partial fractions)
s(Ls+R)| L S(H 1

= |t~
N~
|
|—
ok,

s S+%

Now we have to find the value of L1 _£E
s (Ls+R)

R
4| Ee™® E[ -7(-9
1 — —_e L —
L [S(LS+R)i'_ rLI=C ]”(f a)

[By the second shifting theorem] On substituting the values of the inverse
transforms in (2) we get
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(it )

R R
i = R_l e R 1—-e u(t—a)
- % 1—5?] for 0 <7 <a, [u(t—a)=0]
_ R R
. E ‘Zf] E -7-9 fort > a
=—|1-e¢ ——=11-e¢
TTRLTC R{ ¢ } [u(t—a)=1]
_ R R R Ra
_E[f tt-o -If] _E -Ef[ T ]
=RL¢ e =3¢ e 1 Ans.

EXAMPLE. A RESISTANCE R IN SERIES WITH INDUCTANCE IL IS
CONNECTED WITH E.M/F. [E (). THE CURRENT { IS GIVEN BY

If the switch is connected at t = 0 and disconnected at t = a, find the
current 1 in terms of t.
Solution. Conditions under which current i flows arei=0att=0,

E, O<t<a

E@) = 0 > a

Note: Instead of

i wecanuse |(S)
s pulal) L Lavia and-Auavigl) A0S Cojlaall Anala
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