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Part-1 Ordinary Differential Eqautions 
 
Review  
First-Order ODEs 

• Understanding the basics of ODEs requires solving problems by hand. 

• The process of setting up a model, solving it mathematically, and 
interpreting the result in physical or other terms is called 
mathematical modeling or, briefly, modeling. 

• a model is very often an equation containing derivatives of an 
unknown function. Such a model is called a differential equation. 



Some applications of differential equations 







Geometric Meaning of y ‘=  f (x, y) 
Direction Fields, Euler’s Method 







Linear ODEs. Bernoulli Equation. 
Population Dynamics 

• A first-order ODE is said to be linear if it can be brought into the form 

 

 

 

• by algebra, and nonlinear if it cannot be brought into this form. 

• p and r may be any given functions of x.  

• If in an application the independent variable is time, we write t 
instead of x. 

 





We multiply (1) by F(x), obtaining 













Homogeneous Linear ODEs of Second Order 









Homogeneous Linear ODEs with Constant Coefficients 

the solution of the first-order linear ODE with a constant coefficient k 



















Thank you 
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Undetermined Coefficients: 
Particular Integrals 

• Like the nonhomogeneous second order constant coefficient 
differential equation, a particular integral yp(x) of the 
nonhomogeneous linear higher order constant coefficient differential 
equation 

•                                                                                     (53) 
 

 

is a solution of the equation that does not contain arbitrary constants, 
so 



• The complementary function yc(x) associated with (53) is the general 
solution of the homogeneous form of the equation 

 

 

 

• It follows from the definitions of yc(x) and yp(x) and the linearity of 
the equation that the general solution y(x) of (53) can be written 



Example: Find the general solution of 







Example:  















Example: 







Theorem: 



Example: 
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Exact, Least-Squares, and Cubic Spline 
Curve-Fits 

• Engineers conduct experiments and collect data in the laboratories. 
To make use of the collected data, these data often need to be fitted 
with some particularly selected curves. 

• For example, one may want to find a parabolic equation y = c 1+ c2x + 
c3x^2. 

• which passes three given points (x i,y i ) for i = 1,2,3.  

• This is a problem of exact curvefit. 



• In case that we may want express this straight line by the equation y = 
c 1+ c2x for the stress and strain data collected for a stretching test of 
a metal bar in the elastic range, then the question of how to 
determine the two coefficients c1 and c2 is a matter of deciding on 
which criterion to adopt.  

• The Least-Squares method is one of the criteria which is most 
popularly used. The two cases cited are the consideration of adopting 
the two and three lowest polynomial terms, x(0), x(1), and x(2),and 
linearly combining them. 



EXACT CURVE FIT 
 

let us consider the problem of finding a parabolic equation 

y = c 1+ c2x + c3x^2 which passes three given points 





GENERALIZED LEAST-SQUARES 
CURVEFIT 



 
Series Solutions of 

Differential Equations 











A General Approach to Power Series 
Solutions of Homogeneous Equations 



Example 











Legendre’s equation 
• An important application of the power series method of solution is to 

the Legendre differential equation 

 

 

 

 



Singular Points of Linear Differential 
Equations 

• Previously, the power series method was used to find a solution of a 
homogeneous variable coefficient differential equation of the form 

 

 

• Expressed differently, when (19) is written in the standard form 

 



• the power series method can be applied to develop a solution about 
any point x0 at which the functions P(x) and Q(x) are analytic. 

• Points regular and singular where P(x) and Q(x) are analytic are called 
regular points of the differential equation, and points where at least 
one is not analytic are called singular points. 

• Equation (20) will be said to have a regular singular point at x0 if the 
functions 

 

 

• are analytic at x0, and so have Taylor series expansions about x0. If at 
least one of these functions is not analytic at x0, the point will be said 
to be an irregular singular point. 
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We can write (12) as 



For n=2 



Example  











Systems of ODEs as Models in Engineering 
Applications 

• Mixing Problem Involving Two Tanks 

• A mixing problem involving a single tank is modeled by a single ODE. 

• The model will be a system of two first-order ODEs. 

• Tank and in Fig. contain initially 100 gal of water each. In the water is 
pure, whereas 150 lb of fertilizer are dissolved in . By circulating liquid 
at a rate of and stirring (to keep the mixture uniform) the amounts of 
fertilizer in and in change with time t. 

•  How long should we let the liquid circulate so that T1 will contain at 
least half as much fertilizer as there will be left in T2? 











Electrical Network 

• Find the currents I1 and I2 in the network. Assume all currents and 
charges to be zero at t=0, the instant when the switch is closed. 

 

• Solution. Step 1. Setting up the mathematical model. The model of 
this network is obtained from  

Kirchhoff’s Voltage Law, 

• Let I1(t) and I2(t) be the currents 

 


